HOMOTOPY INVARIANCE THROUGH SMALL 
STABILIZATIONS 



BEATRIZ ABADIE AND GUILLERMO CORTINAS 

Abstract. We associate an algebra r°°(2l) to each bornological alge- 
bra 21. The algebra r°°(2l) contains a two-sided ideal /s(a) for each 
symmetric ideal S <\ l°° of bounded sequences of complex numbers. 
In the case of T°° — r°°{C), these are all the two-sided ideals, and 
Is '-^ Js = BIsB gives a bijection between the two-sided ideals of 
r°° and those of S = B{i'^). We prove that Weibel's if-theory groups 
KHi,{Is(<n)) are homotopy invariant for certain ideals 5* including co and 
F. Moreover, if either S = cq and 21 is a local C*-algebra or S = 
and 21 is a local Banach algebra, then KHt{Is{<ii)) contains KT'^{'QV) as a 
direct summand. Furthermore, we prove that for S € {co,F,F±} there 
is a long exact sequence 



KH„+i{Isiai)) ^J/C„-i(r°°(2l) : 7; 



KHr^ilsm) A'„(r°°(2l) : /s(a)) 

For 21 = C we compare this sequence to an analogous sequence for Js 
and show that the map KH„{Is) — ^ KH„{Js) is surjective for all n > 
and that _ffC„(r°° : /s) — >■ HC„{B : Js) is an isomorphism for certain 
values of n. 



1. Introduction 

Let = ^^(N) be the Hilbert space of square-summable sequences of 
complex numbers and B = B{i'^) the algebra of bounded operators. Let 
Emb be the inverse monoid of all partially defined injections 

N D dom/ M N. 

Each element / E Emb defines a partial isometry Uj £ B; for the canonical 
Hilbert basis we have Uf{en) = ^f{n) if G dom/ and otherwise. Similarly, 
each bounded sequence of complex numbers a G (.'^ defines an element 
diag(a) G S by diag(a)(e„) = ane„,. The subspace generated by all the Uf 
and diag(a) with / G Emb and a G is the subalgebra 

BZ)T°^ := span{diag(a)C// : q G / G Emb}. 
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In this article we show that the algebra T°° has several remarkable proper- 
ties. One of them is that the lattice of two-sided ideals of is isomorphic 
to the lattice of two-sided ideals of ;B. A theorem of Calkin, as restated by 
Garling, establishes a one-to-one correspondence between two-sided ideals 
of B and the ideals of i°° that are symmetric, that is, invariant under the 
action of Emb. Calkin's correspondence maps a symmetric ideal S < i°° to 
the ideal J5 of those operators whose sequence of singular values belongs to 
S. Consider the subspace 

r°° D Is := span{diag(a)[// : a £ S,f e Emb}. 

Note that /^oo = r°°; for all symmetric ideals S, Is < is a two-sided 
ideal. We prove (see Theorem 4.5) 

Theorem 1.1. The map J J r°° is a bijection between the sets of 
two-sided ideals of B{i'^{N)) and r°°. If S <] is a symmetric ideal, then 

JsnT^ = ls. 

More generally, we define for any bornological algebra 21 (in particular 
for a Banach algebra 21) an algebra r°°(2l). The algebra r°°(2l) contains an 
ideal Iscoi) for any symmetric ideal S <\ and S 1— )• 15(21) is a lattice homo- 
morphism. Thus the smallest nonzero /^(a) occurs when S is the symmetric 
ideal Cf <\ i°° oi finitely supported sequences; we get 

4^(21) =Moo2l = |jM„2l. 

n 

Hence the inclusion 21 — )• Moo2l into the upper left corner gives a stability 
homomorphism 

is : 2t Icf{%) C /5(2i)- 
If 2t is unital then ic/ induces an isomorphism in algebraic ii'-theory, by 
matrix stability. At the other extreme /£oo(2t) = r°°(2t) is a ring with infinite 
sums in the sense of [28] (see Proposition 6.1.6); this permits the Eilenberg 
swindle and we have 

i^*(r°°(2l)) = 0. 

For cj C 5 C the ii'-theory of I 3(^:^1) is more interesting. We study it for 

S £{co,iP-,i'i,i'i+ (p< oo,g < 00)}. (1.2) 

Here cq is the ideal of sequences vanishing at infinity, i'' consists of the 
g-summable sequences, and 

r<p s>q 

Let BAlg be the category of bornological algebras. We consider several vari- 
ants of ii'-theory. We write K for algebraic X-theory, KH for Weibel's 
homotopy algebraic ii'-theory and i('*°P for topological K-theovy. The fol- 
lowing result follows from Theorems 8.1.9 and 10.1.9(i). 

Theorem 1.3. 
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i) The functor BAlg — >• 2lb, 21 1— >• i<'i/*(/co(a)) invariant under continuous 
homotopy. 

ii) //2l is a local C* -algebra and n > 0, then there is a natural split monomor- 
phism 

i^r(2t)> KH^,^^^)) . 

iii) lfn<0, then the comparison map 

Kn{Ic,m) ^ KHMcom) (1-4) 

is an isomorphism for every 2t G BAlg. If furthermore 21 is a C* -algebra, 
then (1.4) is an isomorphism for all n £ Z. 

The results above should be compared with Karoubi's conjecture (Suslin- 
Wodzicki's theorem [26, Theorem 10.9]) that for a C*-algebra 21, the com- 
parison map 

i^*(2i s /c) ^ /^rp(2i 5 /c) ^ /^rp(2t) 

is an isomorphism. Hence we may think of 21 — t- /co(2l) &s a smaller version 

of the stabilization 21 i— t- 21 (8> /C whose iC-theory is homotopy invariant and 
contains i^*°''(2l) as a direct summand. Next let p > 1 and consider the 
Schatten ideal <l B. Remark that is the ideal corresponding to i'^ 
under Calkin's correspondence. We have 

CP = Jep. 

Recall from [10, Theorem 6.2.1] that if 21 is a locally convex algebra and 
2l®£^ is the projective tensor product then 

In the present article (Theorems 8.1.1 and 10.1.9(ii)) we prove the following 
analogue of the latter result. 

Theorem 1.5. Let S be one ofi^, (0 < p < oo) or F~ (0 < p < oo ). 

i) The functor BAlg — )• 2lb, 21 i— )■ KH^{I^n<^^) is invariant under Holder- 
continuous homotopies and we have KH^{Ig(^(^-j) = KH^{I^i^<^^) for all S as 
above. 

ii) If is a local Banach algebra and n > 0, then there is a natural split 
monomorphism 

Kn°P(2l)> KHnih^i^^)) . 

iii) lfn<0, then the comparison map 

KMsm) ^ KHn{Isi<i,)) (1.6) 

is an isomorphism for every 2t G BAlg. If furthermore % is a unital Banach 
algebra and S = then (1.6) is an isomorphism for all n £ Z. 
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Both these theorems rely on a homotopy invariance theorem (Theorem 
7.4.1) which we think is of independent interest. The theorem says that if 
F : C — Alg —7- 2lb is an M2-stable, spht exact functor and S € {cq,^^} then 
the functor 

BAlg^2tb, 2l^F(/s(2,)) 

is homotopy invariant. For 5 = cq it is continuous homotopy invariant, 
while for S" = it is invariant under Holder continuous homotopies, with 
Holder exponent depending on p. For F = KH^ we have -fC-ff*(/^p(2i)) = 
i^i/* (/^i (2t) ) , and so it is invariant under arbitrary Holder continuous ho- 
motopies. Furthermore, we have the following general result (see Theorem 
8.2.1) about the comparison map K — )• KH. Its proof uses the homotopy 
invariance theorem mentioned above applied to infinitesimal ii'-theory. 

Theorem 1.7. Let % he a bornological algebra and let S be cq, i^, 

(0 < p < oo) or P'~ (0 < p < oo). Then there are long exact sequences 
(n £ Z) 

KHn+i{Is{%)) ^ HCn-i{Is(%)) (1-8) 



and 

KHn+iilsi^)) HCn-iiT^m : Ism) (1-9) 



KHMsm) i^n(r°°(2l) : Ism) 

The theorem above is applied, for example, to show (in Theorem 10.1.9) 
that, as asserted in part (iii) of Theorems 1.3 and 1.5, the comparison map 
K*(/5(2i)) ~^ I^II*{Ism) is an isomorphism if either S = cq and 21 is a 
C*-algebra or S* = and 21 is a unital Banach algebra. Indeed the proof 
of the latter result consists of showing that //C*(r°°(2l) : /5(a)) = in both 
of these cases. Next consider the case 2t = C of the sequence (1.9). By 
[10, Proposition 7.2.1] or [32, Theorem 5] for S as in Theorem 1.7 there is 
an analogous exact sequence 

HC2n-l{B : Js) K2n{B : Js) Z (1.10) 



K2n-l{B : Js) HC2n-2{B : Js) 

Here we are using the fact that KHn{Js) = Kn^{C). The inclusions T"^ C B 
and Is C Js induce a map of exact sequences from (1.9) to (1.10). By 
Remark 8.1.11 when n > the map 

KHMs) ^ KHniJs) = K°P{C) 
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is onto for all S as above. Corollary 9.5.3 establishes that the map 

HCo{T°° : Is) ^ HCoiB : Js) (1.11) 
is an isomorphism for any symmetric ideal S <\ Next assume 

S e {iP,iP-,£P+ : <p < oo}. 
For such S, the following integer was computed by Wodzicki in [32] 

m = min{n : HCn{I3 : Js) / 0}. 
We prove in Proposition 10.1.7 that 

m = min{?i : //C„(r°° : Is) / 0}, (1.12) 
and that the natural map is an isomorphism 

HCmir°^ : Is) ^ HCm{B : Js). (1.13) 

More calculations concerning the groups i/C^,(r°° : Is) for S as above are 
carried out in Proposition 10.3.3. These calculations employ Theorem 10.2.5, 
which gives a formula for the groups HC^,(T°° : Is) for an arbitrary symmet- 
ric ideal S < and Corollary 10.2.6, which provides a spectral sequence 
to compute them. The formula expresses the groups iJC*(r°° : Is) in terms 
of the action of Emb on subcomplexes of the algebraic de Rham complex of 

The rest of this paper is organized as follows. In Section 2 we establish 
some notation about sequence spaces, the inverse monoid Emb and the par- 
tial isometrics Uj. The algebra r°°(2l) and the ideals Is[<^) are introduced 
in Section 3. In this section we also recall the definition of Karoubi's cone 
r(i?) which is i?-linearly generated by the Uf (/ E Emb). Proposition 3.14 
identifies Is{<2i) with a ring formed by certain N x N matrices with coefficients 
in 21. The two-sided ideals of r°° are studied in Section 4; Theorem 1.1 is 
contained in Theorem 4.5. In Section 5 we show that /5(a) can be written as 
a crossed product of F = F(Q) and ^(Sl), by using the conjugation action of 
Emb in ^(Sl) via the partial isometrics Uf (Proposition 5.11). Section 6 con- 
tains an assortment of miscellaneous properties of F°° and related algebras. 
For example we show that if 2t is unital, then F°°(2l) is a ring with infi- 
nite sums in the sense of Wagoner (Proposition 6.1.6). We also prove some 
fiatness results, including that every two-sided ideal of F°° is flat both as a 
left and as a right F°°-module (Proposition 6.2.5). Section 7 deals with the 
homotopy invariance theorem mentioned above, proved in Theorem 7.4.1. 
Applications to iiT-theory are given in Section 8; see Theorems 8.1.1, 8.1.9 
and 8.2.1. In Section 5 we study the homology of crossed products with F. 
We give general formulas for the Hochschild and cyclic homology of such 
products; see Proposition 9.4.4 and Theorem 9.6.3. The fact that (1.11) is 
an isomorphism is proved in Corollary 9.5.3. Section 10 is devoted to the 
computation of the relative cyclic homology groups i7C*(F°° : Is). The 
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proof of the identity (1-12) and of the isomorphism (1.13) is contained in 
Proposition 10.1.7, which proves also that 

m(r°° : /,J = m(r°° : I^oo-) = 0. 

Theorem 10.1.9 estabhshes that the comparison maps (1.4) and (1.6) are 
isomorphisms when 21 is a C*-algebra and when 21 is a unital Banach algebra, 
respectively. Next we turn to the case 2t = C. A formula for HC^{T°° : Is) 
and a spectral sequence to compute it are given in Theorem 10.2.5 and 
Corollary 10.2.6; they both apply to an arbitrary symmetric ideal 5 <l 
Finally we focus on the case S G {£^,1^^} and make several computations 
of the groups HC^^iJ"^ : Is) in Proposition 10.3.3. 

Ackknowledgements. Most of the research for this paper was carried out 
during visits of B. Abadie to the Universidad de Buenos Aires and of G. 
Cortihas to the Universidad de la Republica. We are thankful to these 
institutions for their hospitality. G. Cortirias wishes to thank his colleague 
Daniel Carando for useful discussions about topological tensor products and 
Ruy Exel for many useful discussions and for patiently explaining his paper 
[16]. 

2. Preliminaries 

2.1. Sequence ideals. Throughout this paper we work in the setting of 
bornological spaces and bornological algebras; a quick introduction to the 
subject is given in [13, Chapter 2]. Recall a (complete, convex) bornological 
vector space over the field C of complex numbers is a filtering union V = 
Ud^d of Banach spaces, indexed by the disks of V such that the inclusions 
Yd C Yd' are bounded. A subset of V is bounded if it is a bounded subset 
of some Yd- A sequence N — t- V is bounded if its image is a bounded subset 
of V. We write ^°°(N,V) or simply i°°(Y) for the bornological vector space 
of bounded sequences where X C £°°{Y) is bounded if Ua;GX^(^) 
consider the following closed bornological subspace 

£~(V) D Co(V) = {a : limQ„ = 0} (2.1.1) 

n 

We also consider the subspace {p > 0) 

co(V) D £P{Y) = {q : N ^ V : (3 a disk D CY) J]] ||a„||^ < oo} 

n 

If p > 1, we equip ^^(V) with the following homology: we say that a subset 
S C iP{Y) is bounded if there exist a disk D and a constant C such that 
J2n\\(^n\\D < C foi' all S. Notice that the inclusion 0>{Y) i^{Y) is 
bounded for p > 1. Recall a bornological algebra is a bornological vector 
space 21 with an associative bounded multiplication. If 21 is a bornological 
algebra, then pointwise multiplication makes £°°(2t) into a bornological al- 
gebra, Co (21) < ^°°(2l) is a closed bornological ideal, and F(2t) < i°°{^) is 
an algebraic ideal for all p > 0. ' 
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Notation 2.1.2. When 21 is C, we shall omit it from our notation. Thus we 
shah write co, etc, for ^°°(C), ^^'(C), co(C), etc. 

The space 5(£^(V)) of bounded operators £^(V) — )■ £^(V) on a bornological 
vector space V is a bornological algebra with the uniform homology ([13, 
Def. 2.4]). If 2t is a bornological algebra, then 

diag : ^°°(2t) ^ e(£2(2l)), diag(a)(e) = {an^n)n>i- (2.1.3) 

is a bounded representation. It is faithful if and only if the left annihilator 
of 21 is trivial: 

ann(2l) = {a G 21 : a • 6 = (V6 G 21)} = 0, 
This happens, for instance, when 21 is unital. 

2.2. The monoid Emb. We begin by recalling some definitions from [15]. 
We denote by Emb the set of injective functions 

Emb = {/ : yl ^ N : A C N}. 

Note that Emb is a monoid for the composition law: 

fg : dom{g) D g-Hdom{f)) ^ N, {fg){n) = f{g{n)). (2.2.1) 

In (2.2.1) and elsewhere, we shall omit the composition sign o, except when 
strictly necessary to avoid confusion. The monoid Emb is pointed, i.e. it 
has a zero element, namely, the empty function — t- N. The antipode map 
^ : Emb — ?• Emb is defined by 

dom(/t)=ran(/), f\n) = r\n). 

If A C N, we write Pa for the inclusion j4 N. It is easily checked that 

/V = ^'dom/, //^ = P,an/, (2.2.2) 

for any / G Emb. Observe that is characterized as the unique element of 
Emb which satisfies simultaneously 

//t/ = / and /t//t = /t. 

Thus the monoid Emb together with its antipode is a pointed inverse monoid 
that is, a pointed inverse semigroup with identity element. Note that Emb is 
the object usually denoted X(N) in the literature on semigroups (see [16, Def. 
4.2], for instance). 

If V is a bornological vector space, the monoid Emb acts on l°°{y) via: 

UM)n=h^-^ ifnGran(/) ^^^^^^ 
I U otherwise. 

The subspaces co(V) and P'{y) defined in 2.1.1 are symmetric, i.e. they 
are invariant under the action of Emb. Indeed, this follows from the fact 
that Co and £^ are symmetric, and that if D is a bounded disk and the image 
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of a is contained in V^), then the following sequences of real numbers are 
identical 

ll/*(a)l|D = /*(||a||D). 
More generally, if 5 C is any symmetric subspace, then 

5(V) := {a E £°°(V) : (32?) a(N) C Vd and | |a| \d G 5} 

is symmetric. We denote by U the representation of Emb by partial isome- 
trics on £2(V): 

10 II m ^ ran(j j 

Straightforward computations show that 

= U^IJ,. (2.2.5) 

Observe that C/j is a partial isometry whose initial and final space are, 
respectively, the closed subspaces = 

span{u : supp(f) C dom(/)} and spanjt; : supp(i)) C ran(/)}. 
This follows from (2.2.2), (2.2.5), and from the fact that if ^ C N, then 

Vn if n G ^ 



otherwise. 



Remark 2.2.6. We will often work with sequences indexed by infinite count- 
able sets other than N. A bijection u : N — )■ X gives rise to a bounded isomor- 
phism a I— 7- au between the bornological vector space £°°(X, V) of bounded 
maps from X to the bornological space V and the space ^°°(V) = ^°°(N, V). 
If 5 C •^"^ is a symmetric subspace, we define ^(X, V) = {su~^ : s € <S'(V)}. 
Because S is symmetric by assumption, this definition does not depend on 
the choice of u. 

Notation 2.2.7. Let S C £°° be a symmetric subspace, X an infinite count- 
able set and V a bornological vector space. We use the following abbreviated 
notation: S = 5(N,C), S{X) = S{X,C) and S{Y) = 5(N,V). 

3. The algebras r°°(2t) and r{R) 

Throughout this section, 21 will be a fixed bornological algebra, which, 
except in Definition 3.16, will be assumed unital. It follows straightforwardly 
from equations (2.1.3), (2.2.3), and (2.2.4) that 

diag(/* (a))C// = C//diag(a) and C//diag(a)C/yt = diag(/*(a)), (3.1) 

where a £ £°°(2l) and / G Emb. Set 

r~(2t) = span{diag(a)C// : a G £°°(2l), / G Emb}. (3.2) 

Notice that, by equations (2.2.5) and (3.1), r°°(2l) is a subalgebra of the 
algebra B(^^(2l)). For each symmetric ideal 5" <l we write 15(21) for the 
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ideal of r°°(2l) generated by diag(5(2l)). Because S is invariant under the 
action of Emb, then by equations (3.1) we have 

/5(2i) = span{diag(a)[// : a G ^(Sl), / G Emb}. (3-3) 

Note that r°°(2l) = l£oc^<^y If X is any infinite countable set, we may also 
consider the subalgebra r~(X, 21) C B{f{X, 21)) spanned by dmg{i°°{X, 21)) 
and U^iQh{x)- Thus r°°(2t) = r°°(N, 21). In keeping with our notational con- 
ventions 2.1.2 and 2.2.7, we write r~ = r°°(C) and r°°{X) = r°°{X,C)- 

Notation 3.4. Since 21 is assumed to be unital, every sequence a = {an} in 
^^(21) can be written uniquely as a = J2n '^n^n-, where e„ G £^(2l) is defined 
by {en)i = 5n,i- Notice that the elements of r°°(2t) are 2t-linear operators 
on the right 2t-module £^(2l). As usual, we identify an 2l-linear operator 
A G ;S(£^(2t)) with the infinite matrix (Ajj)jjgN with entries in 21 defined by 

k 

We denote by Eij the matrix {Eij)ki = ^ik^ji- Given a matrix A = (^jj)jjgN 
with entries in 21, and i,j G N, we set: 

Ji{A) = {j : / 0},/,(A) = {i : Aij / 0}, 
ri(A) = #J,(A),c,-(A) :=#/,(A), 
r{A) := maxrj(^), c{A) := raay: Ci{A), 

i i 

N[A) := max{r(A),c(yl)}, 

where ri{A),Cj{A),N{A) G N U {cx)}. If is a ring, we write T{R) for 
Karoubi's cone 

r{R) = {Ae R^""^^ : N{A) < oo and {A^j e N} is finite }. (3.5) 

It was shown in ([9, Lemma 4.7.1]) that T{R) is isomorphic to R r(Z), 
for any ring R. Since all the rings we shall be considering in this article are 
Q-algebras, we shall write 

r = r(Q). 

Observe that definition (3.5) extends to matrices indexed by any countable 
infinite set X; if / : N — ;> X is a bijection, T{X, R) C R^^^ is the image of 
T{R) under the map A ^ UjAUf-i. Thus T{R) = T{n,R); we shall write 

r(x) = r(x,Q). 

The following lemmas will be useful in obtaining characterizations of 
r°°(2t), /5(2t) and T{R) as rings of matrices acting on £^(2t) and R^^\ re- 
spectively. If yl G i?^^^ is such that N{A) < oo, we write r{R)AT{R) to 
denote the set 

n 

r{R)AT{R) := PjAQj : Pj,Qj G T{R) for aU j = 1, . . . , n and n G N}. 
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Lemma 3.6. Let R be a unital ring, A = (yljj)jjgN £ Jl^^^ a matrix such 
that N{A) < oo and r{A) > 1. Then 

(1) A = Ai + A2-\ \-Ak, where Ai G T{R)AT{R), r{Ai) < r{A) and 

c{Ai) < c{A) for alli = l,...,k. 

(2) // in addition R is a unital bornological algebra and S <\ is a 
symmetric ideal such that {Aij} G S{N x N,R), then {{Ai)ij} G 
S(M xN,R), for all I = I, . . . , k. 

Proof. (1) We first establish some notation and make some reductions. Let 

r = r{A) 

/ = {z G N : the i^^ row of A has r nonzero entries}. 
For i £ I, let 

hiil) < hi{2) < ■ ■ ■< h,{r) 

be the columns where the nonzero entries of row i occur. Let Ar denote the 
matrix obtained from A upon multiplying by zero those rows that have less 
than r nonzero entries. Then Ar G T{R)AT{R), and 

r{Ar) = r, r{A - Ar) < r, c{Ar) < c{A), and c{A - Ar) < c{A). 

Thus it suffices to prove (1) for Ar. Hence we may assume that A = Ar, that 
is, that all nonzero rows of A have exactly r nonzero entries. Furthermore, 
since there are at most c{A) nonzero entries in each column of A, the set / 
can be written as a disjoint union / = /i U /2 U • • • U with s < c{A) and 
such that each It (1 < t < s) satisfies the following property: 

i^jelt^hiil)^hj{l). 

Proceeding as above we see that we may assume that s = 1. Notice that 
if A' is obtained from A by permuting its rows, then A' = UfA for some 
bijection / : N ^ N. Therefore, T{R)AT{R) = T{R)A'T{R), r{A') = r{A), 
and c{A') = c{A), so we may assume that A = A'. Thus we will assume 
that the rows of A are ordered so that if i,j G /, then < hj{l) if and 

only if i < j. 

Thus, it only remains to show (1) for matrices A such that for / and hi 
as above: 

a) All nonzero rows of A have exactly r nonzero entries. (3-7) 
h) i<j hi{l) < hj{l) for all i,j G /. (3.8) 

We shall proceed by induction on 

Ma = max#{i G / : (i) / 0}. 

Notice that the right-hand side of the equation above is bounded by c{A), 
so Ma G N. First assume that Ma = 1. Then for all i,j € I we have that 
Ahj{i) / if and only iii = j. Set 

Ai = Y,AK(i)Eih,{i) = {Y,Eu)A{Y,Eh^{i)h,ii)) G r{R)Ar{R). 

i€l i&I jel 
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Then 

r(^i) < r, r{A - Ai) < r, c{Ai) < c{A), and c{A - Ai) < c{A), 

so the statement in (1) holds for A. Assume now that Ma > 1 and that (1) 
holds for matrices B satisfying 3.7 and 3.8, and such that Mb < Ma. Let 

ii := mini, Ki := {j e I : Ai^h.{i)^o}- 
For n > 1 such that Uj*=i 

n— 1 n— 1 

in := mini \ (J Kj, and Kn := {i G / \ |J lU : ^^^/..(i) / 0}. 
j=i «=i 

Let 

'{l,2,...,n}, if U"=ii^j =/. 
N, otherwise. 
We claim that 

a) in > in-i ^nej and b) I = [J Kj. (3.9) 
In fact a) follows from the inequality 

n—l n—2 

in = mini \ \^ Kj > min / \ |^ /Cj = in~i 
1 1 

and the fact that in / in-i because in Kn-i and in-i G Kn-i- It is clear 
that b) holds when J' is finite. Assume now that JT" infinite. If A; S /, then 
either k £ {in ■ n G J} C |J Kj or, by a), there exists n £ J such that 

n-1 

k < in = min / \ . 

1 

This implies that k G IJi"^ ^j- Thus b) holds also when J' is infinite, and 
both claims are proven. Now set 

B:= Ai„,E,„, = {Y,Ei„.r.)AGT{R)ATiR). 

Notice that B is obtained from A by multiplying by zero the i^^ row whenever 
i {in '■ n G J{. Therefore B satisfies 3.7 and 3.8, r{B) = r, and c{B) < 
c{A). We next show that Mb = 1. We begin by noting that / 

implies that Aj^^j^(i) / 0. Then in(l) > imi^), which implies by 3.8 that 
in > im, which in turn implies, by part a) of equation (3.9), that n > m. 
Now, if n > m we would have 

n— 1 m 
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Then in Km and in \J^^^ Kj, which imphes that ^j^^j^(i) = 0, a 
contradiction. Thus n = m and Mb = 1, as claimed. Set C = A — B; we 
have r(C) = r and c(C) < c{A). Notice that C is obtained from A upon 
multiplying by zero the iff" row for all n ^ J . Besides, the i^^ row of C 
is nonzero if and only if i G /c := / \ {in '■ n £ J'}, and in that case it 
is equal to the i*^ row of A. Therefore, C satisfies 3.7 and 3.8. We next 
prove that Mc < Ma, which will conclude the proof of part (1). If i,j G Ic, 
then A^f^.^^i^ = implies that Cj^^(i) = 0. On the other hand, by part b) of 
equation (3.9), we can choose n £ J' such that j E Kn- Then ^ 0, 

whereas Ci^fi {i) = 0- It follows that Mc < Ma — 1. This concludes the 
proof of part (1). Part (2) holds because for I = 1, . . . ,k, {(Ai)ij} is obtained 
upon multiplication of {^ij} by bounded sequences and by permutations of 
terms. □ 

Lemma 3.10. Let A = {Aij)iji^^ be a matrix with entries in a unital ring 
R such that N{A) < oo. Then 

(1) A = Ai + A2 + ■ ■ ■ + Ak, where Ai G T{R)AT{R), and N{Ai) < 1, 
for all i = 1, . . . ,k. 

(2) If in addition R is a hornological algebra and S <\ is a symmetric 
ideal such that {Aij} £ 5(N x N,i?), then {(A)^^} G 5(N x N,i?), 
for all I = 1, . . . ,k. 

Proof. Use Lemma 3.6 and proceed by induction on r{A) to write 

k 

A = '^Bi, where r{Bi) = 1, c{Bi) < c{A), and Bi G T{R)AT{R). 

1 

Next apply the same procedure to each transpose matrix B^ to get the 
decomposition in (1). The second statement follows from the second part of 
Lemma 3.6. □ 

Proposition 3.11. Let A = {Aij)ij^fq be a matrix with entries in a ring R. 
Then N{A) < 1 if and only if A = diag{a)Uf, where f G Emb and a G R^ 
are defined as follows: 



Aij, ifi = fU) 
0, otherwise. 



f{j) =i ^ Aj^O a{i) 

I ^ 

Proof. For / and a as in the proposition, the n*'^ column of A is 

{diag{a)Uf){en) 



"He/(n), ifnGdom(/) 
0, otherwise. 



^/{n)ne/(„), ifnGdom(/) 
0, otherwise. 



□ 
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The following proposition is well known. We include a proof since we 
have not been able to find one in the literature. 

Proposition 3.12. Let R be a ring. Then the set 

{diag(a)[// : / G Emb and {an : n e N} C R finite } 

generates T{R) as an abelian group. 

Proof. Let C T{R) be the set of elements of the proposition. By [9, 
Lemma 4.7.1], the map (p '■ 05 — >• T(R), (j){A x)ij = Aijx is an 
isomorphism. This map sends the subgroup generated by the elements x(^r 
(x G Xz, r £ R) onto the subgroup generated by Xr. Thus it suffices to 
prove the Proposition for R = 7,. Let A G r(Z). By Lemma 3.10 and 
Proposition 3.11, A = J2k^k, where T B Aj^ = diag{a'' )Uf^,, for some Z- 
valued sequence a'^. Besides, A^ G r(Z) implies that the set {aj; : n G N} 
is finite. □ 

Corollary 3.13. Let ^ be a unital bornological algebra. Then Karoubi's 
cone r(2l) is a subalgebra o/r°°(2l). 

Proposition 3.14. Let ^ be a unital bornological algebra, S <\ a sym- 
metric ideal, and /s{2i) O r°°(2t) the ideal defined in equation (3.3). Then 

Ism = {A = : {Aij} G 5(N X N) and N{A) < oo}. (3.15) 

Proof. Let Ds denote the set on the right hand side of equation (3.15). By 
Lemma 3.10 and Proposition 3.11, a matrix A belongs to Ds if and only if 
A = X]j4fc, with Ak = diag(afc)C//j, G Ds- Further, we may choose and 
fk such that supp(afc) = ran(/,fc). Under these conditions, A^ G Ds if and 
only if a'' G S. This shows that A G Ds if and only A £ Ls. □ 

Definition 3.16. If 2t is a not necessarily unital bornological algebra, and 
S <\ £°° is a symmetric ideal, Ism defined by (3.15). 

Example 3.17. Let 

Cf = {a £ : supp(a) is finite }. 

Then 

Icfm = -^oo(2t) := {j4 : 3n G N such that Aij = if either i > n ov j > n }. 
We shall write Moo = M^oQ- 

Remark 3.18. Let 21 be a unital bornological algebra, / < r°°(2l) a two-sided 
ideal and T £ L. Then by Lemma 3.10 and Remark 3.11, we can write 

n 

T = Y^ diag{a')Uf^ with diag(a*)[//^ G /, (3.19) 

i=l 

where fi £ Emb and a* G £°°(2t). Similarly, if i? is a unital ring and 
T £ L <\ T{R), then we can also write T as in (3.19) but now with a* such 
that the set {a^ : n G N} C i? is finite. 
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4. The two-sided ideals of r°°(C) and those of B{i'^{'N)) 

Calkin's theorem in [2, Theorem 1.6]), as restated by Garhng in [17, 
Theorem 1], estabhshes a bijective correspondence between the set of proper 
two-sided ideals of B = B{l'^) and the set of proper symmetric ideals of 

. Calkin defined this correspondence in terms of the sequence of singular 
values of a compact operator. It can also be described as follows: an ideal 
J <] B \s mapped to the symmetric ideal 

S{J) = {a G : diag(a) G J}. (4.1) 

The inverse correspondence maps a symmetric ideal S in to the two-sided 
ideal 

Bt>Js = (diag(a) : a e S) (4.2) 

We refer the reader to [25, Theorem 2.5] for further details. Recall that, 
by another result of Calkin [2, Theorem 1.4], the Calkin algebra B/fC is 
simple. On the other hand, it is easily checked that cq <I 1°° is maximal 
among proper symmetric ideals. Thus, by mapping to B we extend the 
correspondence above to a bijection between the family of symmetric ideals 
of and that of two-sided ideals of B. In Theorem 4.5 below we show that 
Calkin's correspondence carries over to ideals in T°° . We will make use of 
the following lemma. 

Lemma 4.3. Let a ^ , f ^ Emb and let I < r°° a two-sided ideal. 
Consider the operator 

T = diag(Q)C//. 

Then 

Tel \T\ £ L 

Proof. We have 

T*T = U} diag(|a|2) Uf = diag(/t(|a|2)) = diag(|/t(a)|2). 

Therefore, |T| = diag(|/|(Q!)|), and the polar decomposition of T is T = 
V\T\, where 

for 



V = diag{ua)Uf, 



0, if a{n) = 
otherwise. 



It is now clear that V E T°°. Thus T G / if and only if |r| G /, since r°° 
is a *-algebra and |r| = V*T. □ 

Theorem 4.5. 

i) The map S Is is a bijection between the set of symmetric ideals of 
and the set of two-sided ideals ofT°°. Its inverse maps an ideal I < T°° to 
the symmetric ideal S{I) defined as in (4.1). 
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ii) The map J t-^ J T°° is a bijection between the sets of two-sided ideals of 
B and those of r°° . Its inverse maps an ideal I <l to the two-sided ideal 
of B it generates. 

iii) If S <\ i°° is a symmetric ideal, then Js H T°° = Is ■ 

Proof. Let / < r°°; write 5 = S{I). It is clear that Is C /. On the other 
hand, if T = diag(a)C// G /, for some a ^ and / G Emb, then, by 
Lemma 4.3, 

diag(/t(|a|)) = |r| e Is. 

Hence T £ Is, again by Lemma 4.3. In view of Remark 3.18, this impHes 
that I = Is. We have shown that Is{i) = I- Let now S < be a symmetric 
ideal. Then 

S c S{Is) c S{Js) c S, 

the last inclusion being due to Calkin's theorem. It follows that S = S{Is), 
completing the proof of part i). Next, since the ideal (Is) < B{i'^) generated 
by Is is also generated by diag(S') we have (Is) = Js, by Calkin's theorem. 
Now, again by Calkin's theorem, 

s c s{Js n r°°) c siJs) = s. 

Thus Js n r°° = Is, by part i). We have proven part iii) and also shown 
that (Is) n r°° = Is. Moreover, by parts i) and iii) we have 

diag(^°°) nJs = diag(£~) n Js n r°° = diag(£°°) D Is = diag(5). 

It follows that {Js n r°°) = Js, which ends the proof. □ 

It follows from Proposition 3.14, Example 3.17 and Theorem 4.5 that 

inr(C) = Moo(C) 

for every proper ideal / <l r°°. The next proposition shows that in fact 
Moo(C) is the only proper ideal of r(C). 

Proposition 4.6. Let k be afield. Then Moo{k) is the only proper two-sided 
ideal ofT{k). 

Proof. It is well known and easy to check that Moo(-R) < r(i2) for any ring 
R. Let / 7^ be a two-sided ideal of T{k), and let yl / 0, A ^ I. If io and 
Jo are such that ^ligjo / 0) then 

E,j = {Ai^j^y^Eii^AEj.j G / Vi, j (4.7) 

This shows that M^[k) C I. Assume that the inclusion is strict. Let 
A G / \ Moo{k). By Remark (3.18), we may assume that A = diag(a)C/j 
for / G Emb and a G k^, where Im(a) = {a„ : n G N} is finite and 
supp(a) = dom/ C N is infinite. Because A; is a field, we can multiply A on 
the left by a diagonal matrix in r(A:) to conclude that Uf G /. But since 
ran(/) is infinite, there are bijections g : N ^ dom(/) and h : ran(/) — t- N 
such that hfg = 1. Hence / must contain 1 = UhUfUg. □ 
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5. The algebra r°°(2l) as a crossed product 

Let 2^ denote the submonoid of idempotent elements of Emb 

2^ = {p :p £ Emb = p} C Emb. 

Note that if p G 2^, then for A = ran(p) = dom(p), we have Up = diag(xA), 
the diagonal matrix on the sequence 



The subspace of T generated by the image of 2 under / i— )■ t/j is the 
subalgebra 



We also consider the monoid algebras Q[2 ] and Q[Emb], and the two-sided 
ideals 



I={{XAuB-XA-XB:A,Bcn, AnB = i/}}) <Q[2% (5.2) 
J = {{XAUB-XA-XB ■■ A,B cn, ADB = $}) <q[Emh]. (5.3) 



Observe that / and J contain the element 

XAUB -XA-XB- XAnB 
for any pair of not necessarily disjoint subsets A,BcN. 

Lemma 5.4. 

i) V = Q[2^]/I. 

ii) T = Q[Emb]/J 

iii) If % is a unital bornological algebra, then ^°°(2l) (8>p E = E°°(2l) as V- 
himodules. 

Proof. It is clear that there are natural surjective algebra maps 



We will often identify p, Up = diag(xA)) and XA- Notice that 

h{p)f = fp- 




1 n£ A 



(5.1) 



P = span{[/p:pG2^} C E. 



TTi : Q[2^]// ^ V and 
7r2 : Q[Emb]/J ^ E, 



and a natural surjective "P-bimodule homomorphism 



lOO 



Let ^ = X]j=i ^jXAj S Q[2^] represent an element S ker vri; for each subset 




/ ^ ^ Aj = 0. 
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Next note that ljr=i ^« ~ ^pAp; hence, modulo I, we have 

n 

F j=l 

F jeF 

This proves i). In order to prove h) we have to show that ker(7r2) = 0. Let 
^ = X]j=i ^jfj G Q[Emb] be a representative of an element in ker(7r2). Let 
Ai = dom/j, and let Ap be as above; then ^ = "^pCXAp- Hence we may 
assume that the Ai are disjoint. Furthermore, upon replacing ^ by £,XAi, 
and elminating zero elements of Emb, we may assume that Ai = ■ ■ ■ = An- 
For each j G N, we have 

n 
i=l 

Let K = {fi{j) : i = 1, . . . for each k € K, let = {i : fi{j) = k}. 
Then D{j) := {Dk}k£K is a partition of {!,..., n}, and X^ieDfc ^* = 0. 
There is a finite set P of partitions arising in this way, since the number 
of all partitions of {!,..., ?i} is finite. For each D & D, let Jd = {j £ 
N : D{j) = D}. Then Ud&vJd = N, and ^ = XId^ ' Xd- Hence, upon 
replacing ^ by ^xd if necessary, we may assume that V has only one element 
D = {Di, . . . , Dr}. But ^ = J2i XdSi so we further reduce to the case when 
r = 1. This means that /i = • • • = /n and, by (5.5), Yli^ifi i^ the zero 
element of Q[Emb]. We have proved ii). To prove iii) we must show that vra 
is injective. Let ^ = Yll=i o^^*^ ® ^fi ^ ker tts. Because 

a(g)Uf = aXsupp(a)nran/ Xsupp(a)nran/f^/ G ^°°(2l) ®P T, 

we may assume that supp(ai) = ran(/j) (i = 1, . . . , n). Proceeding as above, 
we may assume that dom/i = • • • = dom/„. For each j G N, we have 

n 

E4'^«/.0) = 0- (5.6) 
j=i 

Proceeding as above again, we may reduce to the case /i = • • • = /n- By 
(5.6), we have a^*^ = 0. Thus 

n n 

^ = ^ Uf^ = (^ a(*)) ^ = 0. 

i=l i=l 

□ 

Remark 5.7. Given any monoid M, a Q-vector space representation of M is 
the same thing as module over the monoid ring Q[M]. In view of Lemma 5.4, 
the modules over V and F correspond to those representations of the inverse 
monoids 2^ and Emb which are tight in the sense of Exel (see [16, Def. 13.1 
and Prop. 11.9]). 
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Because Emb is a monoid, if A is an algebra on which Emb acts by algebra 
endomorphisms we can form the crossed product ^^^Emb. As a vector space 
^^Emb = A ®Q Q[Emb] with multiplication given by 

{a#f)ib#9) = aMb)#fg (5.8) 

Here 7^ = <2) and /*(&) denotes the action of / on Emb. Now assume that 
the Emb-algebra A is also a P-algebra, that is, it is an algebra and a V- 
bimodule, and these operations are compatible in the sense that 

{ap)b = a{pb) {a,b£ A, p£V). 

Further assume that A is central as a P-bimodule, i.e. pa = ap {a £ A, 
p £ V), and that 

pa = p,{a) (pG2^). 

Under all these conditions, we say that A is an Emh-bundle (cf. [1, Def. 
2.10]). For J < Q[Emb] as in (5.3), we have 

^#Emb > A#J = span{r#j : r e A, j e J} and 

^#Emb > L = span{rp#/i - r#ph : r e A,p e V,h e Emb}. 

Set 

A#pT = A#Emh/iL + A#J). (5.9) 
Thus, Ai^-pT = A r as left 'P-modules, and the product is that induced 
by (5.8); we have 

{a#Uf)ib#Ug) = aUb)#Ufg G A^v^. (5.10) 

Proposition 5.11. Let % be a bornological algebra. The map 

£~(2t)#pr ^ r~(2l), a#[// ^ diag(a)C// (5.12) 

is an isomorphism of V-algebras. If S <\ i°° is a symmetric ideal, then 
(5.12) sends S{Ql)i^'pT isomorphically onto /^(a) < r°°(2t). 

Proof. Assume first that 21 is unital. Then the map (5.12) is the same as 
that of Lemma 5.4(iii). Hence, it is bijective. By (3.1) and (5.10), it is an 
algebra homomorphism. This proves the first assertion in the unital case; the 
second is immediate from the fact that (5.12) is bijective and maps S{^)^-pT 
onto IsCQi)- For not necessarily unital 21, write 21 for its unitalization as a 
bornological algebra. We have an exact sequence 

^ 5(21) ^ 5(21) ^5^0. (5.13) 

Observe that the inclusion C C 21 induces a "P-module homomorphism 5 — )■ 
5(2t) which splits the sequence (5.13). Hence we get an exact sequence 

^ 5(2i)#pr ^ 5(2i)#pr ^ 5#pr ^ o. 

Combining this sequence with the unital case of the proposition, we obtain 
an isomorphism 

5(2t)#pr A ker(/s(2i) ^ Is) = hm- 

□ 
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6. More properties of V, r°° and r 

6.1. T°° as an infinite sum ring. We begin this section by recalling some 
definitions from [28] and [9]. A sum ring {R, xq, xi,yo,yi) consists of a unital 
ring R and elements xo,xi,yo,yi € R satisfying: 

yoxo = yixi = 1 (6.1.1) 
xoyo + xiyi = 1. 

If ii is a sum ring, the map 

® : R X R — > R, defined by r © s = x^ryo + xisyi, (6.1.2) 

is a unital ring homomorphism. An infinite sum ring consists of a sum ring 
R equipped with a unital ring homomorphism 

<I> : — > R such that r © $(r) = ^>(r). (6.1.3) 

The concept of infinite sum ring was introduced by Wagoner in [28]. He 
showed that if R is unital, then the following is an infinite sum ring: 

T^{R) ■= {A G R^""^ : A ■ M^R C M^R D M^R ■ A}. 

We may regard {R) as a multiplier algebra of M^oR- One checks that a 
matrix A G {R) if and only if every row and every column of A has finite 
support. Let 

/, :N^N, fi{n)=2n-i (i = 0, 1) (6.1.4) 
The elements xi = Ua, Hi = Uf. satisfy conditions (6.1.1). The homomor- 
phism $ is defined by 

oo oo 

^(^) = ^ XiXoAyoyi = ^ AijS2fe+ii+2fe-i,2fc+ii+2'=-i- (6.1.5) 

k=0 k.i.j 

This map is well-defined because {k,i) i— )■ 2^~^^i + 2^^ — 1 is one-to-one; 
Wagoner showed in [28, pp 355] that it satisfies (6.1.3). Observe that the 
x'-s and y-s are elements of T(R). It is not hard to check, and noticed in 
[9, 4.8.2], that ^(T{R)) C T{R), whence T{R) is an infinite sum ring too. 
Now we remark that if 21 is a bornological algebra, then 

r(2t) cr°°(2i) cr'^(2t). 

Furthermore, $ also sends r°°(2t) to itself. Thus if 21 is unital, then r°°(2t) 
is an infinite sum ring. We record this in the following proposition. 

Proposition 6.1.6. Let % he a unital bornological algebra, and let fi be 
as in (6.1.4) and ^ as in (6.1.5) Then {T°^{^),U ,U ^uUf^^U j^,^) is an 
infinite sum ring. 

Corollary 6.1.7. Let F : C — Alg — 2lb 6e a functor. Assume that the 
restriction of F to unital C-algebras is split-exact and M2-stahle. Then 
-F(r°°(2l)) = for any unital bornological algebra 2t. If furthermore F is 
split exact on all C-algebras, then F(r°°(2t)) = for any, not necessarily 
unital bornological algebra 21. 
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Proof. Immediate from Proposition 6.1.6 and [6, Proposition 2.3.1]. □ 

Examples 6.1.8. Both Weibel's homotopy algebraic A'-theory [30] and 
periodic cyclic homology [14] are M2-stable and excisive on all Q-algebras. 
Hence if 21 is a bornological algebra, then 

Ai7,(r~(2t)) = FP,(r°°(2l)) = 0. 

Algebraic AT-theory groups Kn are split exact and M2- stable for n < 0; 
the same is true of Karoubi-Villamayor A-groups KVm for m > 1 ([19, 
Theoreme 4.5]). Hence, 

i^„(r°°(2l)) = KVm{T°°m =0 (n < 0,m > 1), 

again for all 21. For positive n, the groups Kn are still split exact and M2- 
stable on unital rings. The same is true of both the Hochschild and cyclic 
homology groups HHn and HCn for n > 0; moreover these groups vanish 
for n < — 1. Hence we have 

A„+i(r~(2t)) = HHniT^m = HCniT^m =0 (n > 0) 

for any unital bornological algebra 21. 

6.2. Flat ideals of T°° and 

Proposition 6.2.1. Every finitely generated ideal of is principal and 
projective. 

Proof. The fact that the finitely generated ideals of are projective follows 
from [22, Corollary 2.4]. We will prove that they are principal. Given 
a E £°°,set Va G be as in (4.4). Notice that Va is the partial isometry in 
the polar decomposition of a. In fact, we have 

a = fo-lal, \q\ = z/qO. 

It follows that, for any ideal / in l°° , a G / if and only if |a| G I. Now let I 
be an ideal of generated by {ao,ai}) and set 

/x(n) = max{|ao(n)|, |Q;i(n)|}. 

For i = 0, 1, let 

r 1/2 if \aQ{n)\ = \ai{n)\ 
-fi{n) = S 1 if \cti{n)\ > |ai_i(n)| 
otherwise. 

We have /x = 7o|ao| + 7i|ai|; thus fi £ I. Now set 

If^T otherwise. 

Then = Tj/i, (i = 0,1). Notice that Tj G since |Ti(n)| < 1 for all 
n G N, z = 0,1. Therefore, fi generates /. The general case can now be 
proven by induction on the number of generators. □ 

Corollary 6.2.2. Every ideal of is flat. 
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Proposition 6.2.3. Let % he a unital Banach algebra and S <\ a sym- 
metric ideal. Assume that 

a € S ^ \/\a\ G S. 

Then S{^) < £°°(2t) is flat both as a right and as a left -module. 

Proof. Consider the following homomorphism of £°°(2t)-modules 

/i : ^°°(2l) 5 ^ S(2l), iJi{a®l5)n = anPn. 

We claim that ^ is an isomorphism. To prove it is surjective, for a G 5'(2t) 
let Va be as in (4.4). Then i/„ G ^°°(2t) and 

Thus /i is surjective. To prove it is also injective, let 

T/ = ^ a* (g) /?* G ker ^. 

i=l 

By Proposition 6.2.1, the ideal {p^ , • • • < is principal. Let /3 be a 
generator; we may and do choose it so that /5 = By bilinearity, we may 
rewrite as a single elementary tensor and we have 

Tj = a ® (3, q/3 = 0. 

But a/3 = implies ay^ = 0, whence 

rj = av^® v^ = 0. 

Thus the claim is proved. It follows that S{%) is flat as a left £°°(2l)-module, 
since it is the scalar extension of S, which is a flat ^°°-module by Corollary 
6.2.2. The proof that S{%) is flat on the right is similar. □ 

Examples 6.2.4. The hypothesis of Proposition 6.2.3 are satisfied for ex- 
ample when S is either of cq. 

Proposition 6.2.5. Every two-sided ideal of T°° is flat both as a left and 
as a right T°° -module. 

Proof. Let / <] T°° . By Theorem 4.5 there is a symmetric ideal 5 such that 
I = 1$. Observe that 

Is = s = s ^^ao ®T,T = s (g)io. r°°. 

Thus l5(g)roo = S(Sie°° is exact by Corollary 6.2.2. Hence I is flat as a right 
module and therefore also as a left module, since r°° is a *-algebra. □ 

Remark 6.2.6. We saw in Proposition 4.6 that if is a field, then M^ok is 
the only proper two-sided ideal of T{k). Observe that M^ok is projective 
both as a left and as a right module, since it is isomorphic to an infinite sum 
of copies of the principal ideal generated by the idempotent -Ei^i. 

Proposition 6.2.7. Let ^ be a unital Banach algebra and S <\ £°° a sym- 
metric ideal as in Proposition 6.2.3. Then is flat both as a left and as 
a right T°°(^) -module. 
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Proof. By Proposition 5.11 and the proof of Proposition 6.2.3 we have the 
following canonical isomorphisms of right r°°(2l)-modules 

/cj(s.i) = 5(21) «)p r = S «)^oo £°°(2t) (g>rT = S «)£oo r°°(2t). 

This, together with Corollary 6.2.2, prove that /5(a) is flat as a right r°°(2l)- 
module. The proof that it is also flat on the left is similar. □ 

6.3. Flatness properties of V. Recall that a Q-algebra A which is pro- 
jective as an A ^''^'-module is called separable. 

Proposition 6.3.1. The (Q-algebra V is a filtering union of separable alge- 
bras. 

Proof. We shall show that P is a union of finite products of copies of Q, 
indexed by the finite partitions of N. Here a finite partition of N is a finite 
set vr = {Ai, . . . , An} of subsets of N such that N = U • • • U A„. We say 
that a partition p = {Bi, . . . , Bm} is finer than tt if the following condition 
is satisfied: 

(VI < i < m){3j) Bi C Aj. 
Note that if vr and tt' are any two finite partitions, then 

IT A it' = {B C n : {3A £ TT, A' £ ■k')B = Ar\ A'}. 
is a finite partition and is finer than each of them. Thus the set 

Part(N) = {vr finite partition of N }. 
is a filtered partially ordered set. If vr E Part(N) has n elements, put 

n 

VD R^ = ^QPa,. 

i=l 

Observe that = Q" and that V = R-,^. Hence the proof is completed. 

□ 

Corollary 6.3.2. V is a von Neumann regular ring. In other words, every 
V-module is flat. 

7. HOMOTOPY INVARIANCE 

7.1. Crossed products by the Cohn algebra. The following two ele- 
ments of Emb will play a central role in what follows 

SiiN^N (i = l,2) 
Si{m) = 2m + i — 1. 

We have the following relations 
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Following standard conventions, if is a word of length / on {1,2}, we 
write = s,y^ ' ' ' and si = {su)"^ . Thus for the empty word we have 
S0 = = 1. Observe that if ii is of length I then 

I 

s^(n) = 2'n + ^(//, -1)2^-1. (7.1.2) 

i=l 

Put 

oo 

= { words of length / on {1, 2}}, W2 = |J Wl 

1=0 

We write 

M2 = {s^{su)^ : W2}. 

Thus 7W2 C Emb is the inverse submonoid generated by the Sj. Its idempo- 
tent submonoid is 

E{M2) = : I. G W2}. 

One checks, using (7.1.2) that s^st = s^'sj,, if and only if /x = /i' and 
1/ = v' . It follows that M2 is the universal inverse monoid on generators 
si,S2 subject to the relations (7.1.1). Write 

C2=Q[M2]Z)V2 = Q[E{M2)]. 

The algebra C2 is the Cohn algebra on two generators ([4]). The assignment 

2 

i=l 

defines an isomorphism between M^o and the ideal of C2 generated by 1 — 

^ 2 -I- 

"^i^iSiS-. We shall identify each element of with its image in C2. 
If 21 is a bornological algebra and S < is a symmetric ideal, then we 
can consider the action of A^2 on ^(Sl) coming from restriction of the Emb 
action, and form the crossed product 5(2t)#A^2- Recall from Section §5 
that S'(2l)#A^2 = 5'(2l) (8)q Q[A^2] equipped with the product (5.8). Put 

5(2t)#p,C2 = S{^)#M2/{ap#f - a#pf : p G E{M2), f e M2). 

As a vector space, <S'(2l)#P2C2 = S{^) ^-p^ C2] the product is defined as in 
(5.8). We have an algebra homomorphism 

p : 5(2t)#p,C2 ^ Ism, P(^#f) = diag(a)f//. (7.1.3) 
Lemma 7.1.4. The map (7.1.3) is injective. 

Proof. Any nonzero element x G C2 can be written as a finite sum of nonzero 
terms 

X = y^a^,^#s^4- (7.1.5) 
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Let I be the maximum length of all the multi-indices fi appearing in the 
expression above. Remark that we may rewrite (7.1.5) as another finite sum 

X = ^Xij#Eij + ^ /3^,i.#S/,4- (7.1.6) 

i,j l{y)=l 

such that 

^ ^ i < 2^ (7.1.7) 
Indeed this follows from (7.1.2) and from the identities 

2 2 

^^i^\> ='S/i(l — ^ ^ -SjSj )s\, + ^ ^ ^fii'^ui 
1=1 i=l 
2 



i=l 

Suppose that the element (7.1.6) is in kei p. Observe that p{x{i} = 
Eij. Hence, we have 

= J^x.,,i?.,,+ Yl dmg{/3,,,)Us^Ul. (7.1.8) 
But by (7.1.2), for p as in (7.1.8), we have 

I 

va.n{UsJJ*s^) = span{e„ : n = 2^m + ^(/ii - 1)2*"^ m G N}. 

i=l 

This together with (7.1.7) imply that each of the summands of (7.1.8) van- 
ishes. Thus 

Xij = and diag{/3f,^u)Us^U*_^ = 
for all i,j and all /i and v in (7.1.7). Hence, 

I 

= supp/3^,^ n (2'N + ^(/zi - 1)2*-^) = supp(s^sj,)*(/3^,^). 

1=1 

It follows that /9^,i/#s^st = and therefore the element (7.1.6) must be 
zero, finishing the proof. □ 

Remark 7.1.9. Let S < £°° be a nonzero symmetric ideal and let cj be as in 
Example 3.17. Then S contains Cf and thus if we identify S^'p^C2 with its 
image in 1$, we have 

Is D S#v,C2 D Cf#v,C2 = Moo. 

In particular the completion of co#-P2C'2 with respect to the operator norm in 
i3(£^) coincides with the completion of Mqo and of Icq; it is the ideal K, = Jcq 
of compact operators. Similarly, for p > 1 the completion of £^^^^^2 for 
the p-Schatten norm \\T\\p = Tr{\T\P) coincides with that of Igp] it is the 
Schatten ideal C^. 
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7.2. The Cohn algebra and homotopy invariance. Let V be a bornolo- 
gical vector space, T a compact Hausdorff topological space, X a metric 
space, and 1 > A > 0. Put 

C7(T, V) = {/ : T ^ V continuous}, 
H^{X,V) = {f : X A - Holder continuous}. 

We refer the reader to [13, §2.1.1 and §3.1.4] for the definitions of continuity 
and Holder continuity in the bornological setting, as well as for those of the 
canonical uniform homologies that the above algebras carry. 

Let S <\ i°° be a symmetric ideal and 2t a bornological algebra. We have 
a natural inclusion 

inc:2lC S{^),a^ (a,0,0, ...). 

Lemma 7.2.1. (cf. [13, Lemma 3.26]^ Let F : C - Alg 2tb 6e a split- 
exact, M2-stable functor, *B a bornological algebra, evt : C([0, 1],*B) — )■ 5S 
the evaluation map, and < A < 1. 

i) 

F (C([0, 1],*B) ^4' « co(*B) co{^)#r,C2) 

is independent oft. 
ii) If p > 1/A, then 

F (i?^([0, 1], 53) '-^ 2t F(*B) iP{m)#p,C2) 
is independent oft. 

Proof Let S be either cq or In the first case, put *B[0, 1] = C([0, 1],*B); 
in the second, let X>l/p and set *B[0, 1] = H^{[0, 1], *B). Let 

Z>o X Z>o D X = {{l,k) : k < 2^ - 1}. 

Let (/)+,(/>_, (/>Q and be the homomorphisms *B[0, 1] — t- *8) defined 

in the proof of [13, Lemma 3.26]. One checks that {(p+, 4>-) and (0g, (fpL) are 
quasi-homomorphisms 5S[0, 1] — t- S{X,^). Furthermore, it is shown in loc. 
cit. that there are elements V,V ^ Emb(X) such that for 

inco,o : 53 5(X,5S), inco,o(a)i,fc = a5;,o'^fc,o 

we have 

F(inco,o o evo) - F(inco,o o evi) = {F{V^) - l)F(0_,</)+) 

+ {F{V.)-l)F{<pl(t). (7.2.2) 

Consider the bijection ^/^ : X — t- N 

V'(/,A;) = 2' + fc. (7.2.3) 
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Let si,S2 be the generators (7.1) of C2. Let v,v £ Emb be the conjugates 
of V and V under ip. One checks that, for p as in (7.1.3), we have 

V = S2 and (7.2.4) 

Uy = p{l - sis\ - S2sl + S2s{ + sisl). (7.2.5) 

Now recall that C2 = Q[A^2] and write * : C2 — )• C2 for the involution 
induced by f. It follows from (7.2.5) that the element 

C2 3 / = 1 - sisl - S2sl + S2sl + sisl (7.2.6) 

satisfies /*/ = 1. Hence if g is any of 1#S2, 1#/ G ^°°(!B)#C2, we have an 
algebra homorphism 

conj(5) : 5(5S)#C2 ^ 5(*B)#C2, x ^ gxg*. 

Moreover, because F is M2-stable by assumption and 5'(*B) 7^6*2 is an ideal 
in £°°(«B)#C2, F(conj(5)) is the identity ([6, Proposition 2.2.6]). Let 4>'^, 
(j)', and be the maps *B[0, 1] ^ S'(*B) obtained from (/>^, (/>+, and 
0_ after conjugating with U^. Then (7.2.2) gives the identity 

F((incevo)#l) - F((incevi)#l) = 

(F(conj(l#S2)) - l)i^(<^'„,</'+) + (F(conj(l#/)) - l)F{(t>l(t) = 0. 

We have proved that -F((inc o evo)#l) = F((inc o evi)^^!). The proposition 
now follows from the fact that if t € [0, 1] then evj and evo are linearly 
homotopic. □ 

Remark 7.2.7. The key property of C2 used in the proof of Lemma 7.2.1 
is that it contains the elements (7.2.4) and (7.2.6). In fact it is not hard 
to check that they generate the algebra C2. Hence taking crossed product 
with C2 may be regarded as the smallest construction which makes the proof 
given above work. 

Remark 7.2.8. If 21 is a C*-algebra, then co(2l) = cq (X" 21 is the spatial C*- 
algebra tensor product. The inclusion cq C Icq C /C is equivariant for the 

action of Emb, and so we get a map cq (21) #772^*2 — )• 21 (X" /C. Composing 
the latter with the inclusion 21 — )■ co{^)^p^C2 of Lemma 7.2.1 we obtain 

the map l : 2t — t- 21®/C, a 1— t- a(8>-Ei,i. Hence, the lemma implies that if 
F : C — Alg —7- 2tb is split-exact and M2-stable, then, for every C*-aIgebra 
*B, the map 

F (C7([0, 1], *B) ^-^ *B A OS S /C^ 



is independent of t. One can use this to prove that F is homotopy invariant 
on stable C*-algebras, thus obtaining a weak version of Higson's homotopy 
invariance theorem [18, Theorem 3.2.2]. Indeed it suffices to show that F{l) 

is injective if 53 = 21 (8) /C, and this follows from the fact that there is a map 
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/C (8) /C — )• M2/C (in fact an isomorphism) such that the following diagram 
commutes 

/C ® /C ^ M2/C 



Next suppose that 5S is any bornological algebra. Write ® for the projective 
tensor product. For each p > 1 we have a map £^®?B — t- £^(!B). This map is 
an isomorphism \ip = 1; using this isomorphism as above, we obtain a map 

In general (P®'^ — >• £^(2l) is not an isomorphism. Note, however, that for 
every p > 1, the quotient £^(21)/^"'^ (21) is a nilpotent ring. Assume that 
the functor F is strongly nilinvariant in the sense that ii f : A ^ B 
is a homomorphism with nilpotent kernel, and such that f{A) < B and 
B/ f{A) is nilpotent, then -F(/) is an isomorphism. Then F {(^ {^)jj^-p^C2) — >■ 
F{iP{^)#-p^C2) and F(2t(8)£^) ^ F(2t(8)£P) are isomorphisms for all p>l. 
Moreover we also have a commutative diagram 

C^^C^ ^A/hC^ (7.2.10) 

Let BAlg be the category of bornological algebras and bounded homomor- 
phisms. Using Lemma 7.2.1 together with diagram (7.2.10) above and pro- 
ceeding as before, one shows that if F is split-exact, M2-stable, and strongly 
nilinvariant, then the functor 

BAlg^Stb, 2t^F(2t®£^), 

is invariant under Holder-continuous homotopies. This gives a (weak) borno- 
logical version of [10, Theorem 6.1.6]. Observe that the stability properties 
(7.2.9) and (7.2.10) play a crucial role in the arguments above. We do not 
have an analogue stability result for the uncompleted algebras CQ{^)jj^'p^C2 
and £^{^)#p^C2- In the next subsection we shall prove a version of stabil- 
ity for crossed products with F. This will enable us to prove a homotopy 
invariance theorem in the following subsection. 

7.3. Stability. 

Lemma 7.3.1. 

i) There is a natural isomorphism F(N U N) = M2F. 

ii) Let ^ be a bornological algebra and S <\ a symmetric ideal. Then 

-^5(NUN,2l) — -^2-^5(3) • 



(7.2.9) 
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Proof. Let pi,p2 G Emb(N U N) be the inclusions of each of the copies of N. 
If / E Emb(NUN), then Pifpj identifies in the obvious way with an element 
fij E Emb. One checks that the map 

Emb(N U N) ^ MsE, f ^ (Uj^^) 

is multiplicative. Hence it induces a homomorphism 

Q[Emb(N U N)] ^ M2T. 

One checks further that this map kills the ideal (5.3), and thus descends to 
a homomorphism 

(/> : r(N U N) ^ M2T, (P{a)ij = Up^aUp^. (7.3.2) 

Observe that EijUf is in the image of (7.3.2) for all / E Emb. It follows that 
(7.3.2) is surjective. Moreover because Up-^,Up^ are orthogonal idempotents 
with Up^ + Up2 = 1, a E r(N U N) is zero if and only if Up^allp. = for 
1 ^ ^ 2. Hence (7.3.2) is an isomorphism; this proves part i). To prove 
part ii) one begins by observing that the assignment a 1— ?• {api,ap2) defines 

isomorphisms S{N U N) A 5(N) © S{N) and V{N U N) A V{N) © V{N). 
Next, note that if we regard M2T as a V (B "P-module via the diagonal 
inclusion, we have an isomorphism of abelian groups 

(5(21) © 5(21)) ^vev M2(r) ^ M2(5(2l)#pr) 

(01,02)© a; H> ^ ai#Xij^Eij. 

1<'M<2 

Finally one checks that the algebra homomorphism 

5(N U N, 2t)#p(i,ui,)r(N U N) ^ M2(5(2l)#pr) 
a#x H> ^ apii^Up^xUp^ © Eij 

coincides with the following composite of isomorphisms of abelian groups 

5(N U N, 2t)#p(NuN)r(N U N) ^(5(21) © 5(21)) ©peP Af2(r) 

^M2(5(2t)#pr). 

□ 

Let 21 be a bornological algebra and let l : £~(2t) £°°(N x N, 2t) be the 
inclusion 

L{a){m,n) = am6i,n- 
Also let S <\ he a symmetric ideal; put 



J : 5(2l)#pr ^ 5(N X N, 2t)#p(NxN)r(N x N) (7.3.3) 
j(a#C//) = 4a)#(C/;xxm)- 
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Proposition 7.3.4. Let% he a bornological algebra and S < £°° a symmetric 
ideal. Then any M2-stable functor F : C — Alg — )■ 2lb sends the map j of 
(7.3.3) to a split monomorphism. 

Proof. Choose a bijection N x N — )• N U N sending N x {1} bijectively onto 
the first copy of N. This bijection induces an isomorphism 

5(N X N, 2t)#p(NxN)r(N X N) A S(M U N, 2l)#p(NuM)r(N U N). 

Composing this map with the isomorphism of Lemma 7.3.1, we obtain an 
isomorphism which fits into a commutative diagram 

S{n X N,2t)#p(MxN)r(N X N) M2(S(2l)#7.r) 

5(2i)#pr 

This concludes the proof. □ 

7.4. A homotopy invariance theorem. Let /o,/i : 21 — )■ 5S be homo- 
morphisms of bornological algebras and < A < 1. A X-Holder continuous 
homotopy from /o to /i is a homomorphism i7 : 2t — )• i7^([0, 1], 5S) such 
that evjiJ = fi {i = 0, 1). We say that a functor F : BAlg — ?• 2tb is invariant 
under \-H older homotopies if it maps A-Holder homotopic homomorphisms 
to equal maps. 

Theorem 7.4.1. Let F : C — Alg — )• 2lb &e a split-exact, M2-stable functor. 

i) The functor 

BAlg^2tb,5S^F(4„(2,)) 

is invariant under continuous homotopies. 

ii) // 1 > A > and p > then the functor 

BAlg^2tb,5S^F(/,p(3)) 
is invariant under X-Holder homotopies. 

Proof. Let 21 be a bornological algebra. We adopt the notations of the proof 
of Lemma 7.2.1. Thus S will be either of cq or i^, and 2t[0, 1] will stand 
for C([0, l],2l) in the first case, and for H^{[0, l],2l) in the second. By the 
argument of the proof of Lemma 7.2.1 applied to the functor 

G = F{S{-)#rT), (7.4.2) 

we have the following identity 

G(inc) (G(evo)) - G(evi)) = (G((s2)*) - 1)G(0'„, </.'+) 

+ (G(/.)-l)G(0t (7.4.3) 
Now if /i € Emb then G(/i*) is the result of applying F to the map 
S{K)#pT : 5(5(2t))#pr ^ 5(5(2l))#pr. 
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Here the crossed product is taken with respect to the action on the exter- 
nal S. In addition, we consider the action of T on the inner S and take 
the crossed product again; we write {S{S{'QV))i^-pr)#pT for the resulting 
algebra. We have an inclusion 

inc' = -#1 : 5(5(2l))#pr C (5(5(2l))#pr)#pr 
and a commutative diagram 

5(5(2l))#pr ^^'''^^''^ 5(5(2l))#pr 



conj(l#C/h) 

Because F is M2-stable, F(conj(l#[//j)) is the identity map, since 

Hence, by (7.4.3), 

F(inc'(5(inc)#r)))(F(5(evo)#r) - F(5(evi)#r) = 
F(inc')(G((s2)*)-l)G((/>'„,<^'+) 

+ F(inc')(G(/.) - l)Gicj)'l, f_) = 0. (7.4.4) 

We have to show that 

F(inc'(S(inc)#r)) (7.4.5) 
is injective. Observe that we have a natural isomorphism 

^ : 5(5(21)) ^ ^(N X N,2t), fi{a) 

m,n — (cin)m' 

(7.4.6) 

For h S Emb the isomorphism (7.4.6) transforms 5(/i*) into the action of 
1 X h £ Emb(N x N), and h^S into that of h x 1. Hence we have a map 

inc" : (5(5(2l))#pr)#7,r ^ 5(N x N)#p(NxN)r(N x N) 

inc"(Q#C/g#C/^) = ^(a)#(C/gxh). 

Observe that the composite 

inc"inc'(5(inc)#r) = j 

is the map of (7.3.3). By Proposition 7.3.4, this implies that the map (7.4.5) 
is injective, concluding the proof. □ 

8. A'-THEORY 

8.1. Homotopy algebraic iC-theory. Let < p < oo. Put 

iP- = (J £1. 

q<p 
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For < p < oo we also consider 

£P+ = Pi 11. 

q>p 

We say that a functor F : BAlg — t- 2lb is Holder homotopy invariant if it is 
invariant under A-Holder homotopies for all < A < 1. Recall from [13, §2] 
that a bornological algebra is called a local Banach algebra if it is a filtering 
union of Banach subalgebras. Similarly we say that a bornological algebra 
is a local C* -algebra if it is a filtering union of C*-subalgebras. If 21 = UaSIa 
and *8 = U^DS^ are local C*-algebras, we define their spatial tensor product 

as the algebraic colimit of the spatial tensor products 21a ® 53^; 21 (8) 55 = 

colimA,^2lA ® 53^. For the projective tensor product of bornological spaces 
(and of bornological algebras) see [13, §2.1.2]. In the next theorem and 
elsewhere we write KV for Karoubi-Villamayor's K-theoiy. 

Theorem 8.1.1. Let S be one ofiP, (0 < p < oo) or £p~ (0 <p<oo). 

i) The functor BAlg — )• 2lb, 21 1— >• -fC-ff* (/^i (g^) ) is Holder homotopy invariant 
and we have KH^{Is(<2i)) = (/^i (jt) ) for all S as above. 

ii) For every bornological algebra 21 



iii) If ^ is a local Banach algebra and n > 0, then there is a natural split 
monomorphism iir.^°^(2t) — t- KHnilii^^i^)). 

Proof. Recall that KH satisfies excision, vanishes on nilpotent rings and 
commutes with filtering colimits ([30]). On the other hand, £'^(2l)/£^(2l) is 
nilpotent for p < q < oo and 

r " (21) = cohm (21) (0 < r < oo) . 

s<r 

It follows that KH^, {I sen) ) = KH^, (/^i (21) ) for all S as in the theorem. Recall 
also that KH is M2-stable. Hence Ki7*(/£i(„-)) = KHif{Iip(^_-^) is Holder- 
homotopy invariant, by Theorem 7.4.1. This proves i). By [30, Proposition 
1.5] (see also [6, Proposition 5.2.3]), in order to prove ii) it suffices to show 
that I is -fTo-regular. By definition, a ring A is ii'o-regular if for each 
n > 1 the canonical map 

Kq{A) ^ K^{A[ti, . . . M) 
is an isomorphism. This is equivalent to the requirement that for t = 
{ti, . . . ,tn), the map 

e:A\t]^A[t\, e(/) = /(O) 
induce an isomorphism in Kq. Observe that 

IiH^)\t]=i^HmPm (8.1.2) 
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Also note that, for the projective tensor product, 

£\C^{[0,1],^)) =£i®C°^([0,l],C)^2l (8.1.3) 
=C°°([0, l],^^(2l)). 

Next we borrow an argument from [24, Proposition 3.4]. Consider the ho- 
momorphism 

<P{f){s,t) = f{s,st). 
Using the identifications (8.1.2) and (8.1.3) we have a diagram 

^£i(C°°([0,l],2t))[^] -^£i(C°°([0,l],2l))[^] 

s=0 [ 1 s=l 



1 

One checks that both the outer and the inner square commute. By The- 
orem 7.4.1, JCo(eVs=o#r) = KQ{ev s=ii^T) . It fohows that i^o(e) is the 
identity; this proves ii). Next assume that 2t is a local Banach algebra; then 
i^Q°''(2t) = ii'o(2t). On the other hand, by universal property of the crossed 
product, we have a map 

/^i(sa) = (£^(8)2l)#pr ^ C^m. (8.1.4) 

Composing this map with the inclusion 

21^/^1(3), a^aEi^i, (8.1.5) 

we obtain the map 

2l^£^«)2t, a^a(g)Ei^i. (8.1.6) 

Since the latter map induces an isomorphism in Kq, it follows that (8.1.5) 
induces a split monomorphism Kq{^) — t- i^o(-^fi(a))- Thus we have estab- 
lished iii) for Ti = 0. For the case n > 1, we consider the simplicial algebras 
of functions on the topological standard simplices and of polynomial 
functions on the algebraic standard simplices: 

A'l'f : [n] ^ C7~(A") 

and 

A^'^:[n]^C[to,...,tn]/{^U-l). 

Set 

^difgj ^ A'^^^«)2l and 
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For n > 1, we have 

KVni^) = TTnBGL{A^^m). 

Hence for KV{^21) = BGL{A^^m), there is a map 

(21) ^ 7rn{KV{A^''{m- 

Composing the latter map with that induced by the inclusion (8.1.5), and 
using parts i) and ii), we get a homomorphism 

i^*°P(2l) ^ vr„A'y(/,i(^difs,,)) - KVnile^^)) = KHn{hi(^). (8.1.7) 

Composing (8.1.7) with the homorphism induced by (8.1.4) we obtain 

K*°P(2l) ^ KHniC^m). (8.1.8) 

But by [10, Theorem 6.2.1] the comparison map 

KHniC^m) ^ i^*°P(£^02l) 

is an isomorphism. One checks that the latter map composed with (8.1.8) 
is equivalent to that induced by (8.1.6). But (8.1.6) induces an isomor- 
phism in i^*°P of local Banach algebras. This proves that (8.1.7) is a split 
monomorphism, concluding the proof. □ 

Theorem 8.1.9. 

i) The functor BAlg — >■ 2lb, 21 1— >■ /'^//^(/^□(a)) ^-^ invariant under continuous 
homotopies. 

ii) For every hornological algebra 21 



^^-^'^^m^-[KMcm) n<0. 



iii) //2t is a local C* -algebra and n > 0, then there is a natural split monomor- 
phism K*°P(2t) ^ KHn{h,i%))- 

Proof. As in Theorem 8.1.1, part i) follows from Theorem (7.4.1). To prove 
part ii), first observe that 

co(C([0,l],2t)) =C7o(N,C([0, l],2l)) 
=C([0, l],co(2l)). 

Then use the argument of the proof of part ii) of Theorem 8.1.1. To prove 
part iii) first observe that if 21 is a local C*-algebra, then for the spatial 
tensor product, 

Co (21) = co(i2t. 

Hence if /C = /C(^^(N)) is the C*-algebra of compact operators then the 

map 21— )'2l(X)/C, a ^ a Ei^i factors through /co{2l)- Taking this into 
account, using the fact that, by [26, Theorem 10.9] and [24, Proposition 3.4], 
the comparison map KH^{% ®K,)^ a1°P(2I ® K) is an isomorphism, and 
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substituting continuous functions for C°° functions, we may now proceed as 
in the prooof of part iii) of Theorem 8.1.1. □ 

Remark 8.1.10. The argument of the proofs of part iii) of Theorems 8.1.1 
and 8.1.9 does not work for n < 0. Indeed, A'„ and KI^^ do not agree for 
such n, not even on algebras on which the former is homotopy invariant. 
For example negative iT-theory is homotopy invariant on commutative C*- 
algebras ([11, Theorem 1.2]) yet Kn{C) = forn < 0, while kI°^{C) = Z 
for m G Z. 

Remark 8.1.11. The argument of the proof of Theorem 8.1.1 shows that if 
21 is a local Banach algebra then 2t — )• St^^C^ factors through /£i((2i) and the 
map 

KHnihi^) ^ KHnimC') = K:°p(21) 
is onto for n > 0. Similarly the argument of the proof of 8.1.9 shows that 
for 21 a local C*-algebra maps 2t — t- 21 Cg) /C factors through /co(a) 

KHnilcom) ^ KHn{^ 5 /C) = K:°P(2t) 

is onto for n > 0. 

8.2. i^-theory and cyclic homology. 

Theorem 8.2.1. Let ^ be a bornological algebra and let S be cq, i^, 

(0 < p < oo), or (0 < p < oo). Then there are long exact sequences 
(n G Z; 

KHn+iihili)) ^ ^C'„_i(/5(2t)) (8.2.2) 

and 

KHn+i{Ism) i?C„_i(r-(2l) : /5(2t)) (8.2.3) 



KHniIsm) i^n(r-(2l) : /5(2t)) 

Proof. Let -fC'^'' = hofi(i^ — )• KH) be the homotopy fiber of the compar- 
ison map. By [6, diagram (86)], there is a natural map u : K^'^^{A) — 
HC{A)[-1], defined for every Q-algebra A. Write = hofi(i/); by 

[7, Proposition 8.2.4] if is excisive, M2-stable and nilinvariant, and 
commutes with filtering colimits. Hence to prove the theorem it suffices to 
show that 

Kr'ilsm) = 0. (8.2.4) 
Note also that if S* 7^ cq, then 

-f^r"^(-^5(a)) = -f^*"'^(-^£i(2t)) 
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by the same argument as that used in the proof of Theorem 8.1.1 to prove 
the analogue assertion for KH. Thus we may assume from now on that 
S G {co,£^}. By [10, Proposition 3.1.4], to prove (8.2.4) it suffices to show 
that Is(%) is ii'^'^^-regular. Here K^"^^ is infinitesimal i^'-theory; by [5] it is 
excisive and M2-stable. Hence, the same argument as that used in the proof 
of Theorems 8.1.1 and 8.1.9 to prove that Is{^) is -K^o-regular applies to show 
that it is also i<r'°^-regular. This completes the proof. □ 

Remark 8.2.5. By Examples 6.1.8, we have 

for unital 21. Hence in the unital case, the second sequence of Theorem 8.2.1 
can be equivalently expressed in terms of the quotient r°°(2l)//5(2t); we have 
a long exact sequence 

Ki^„+i(r-(2t)//5(2t)) HCn-iiT^m/Ism) (8.2.6) 



Ki/„(r-(2i)/i5(2i)) K„,(r-(2i)/i5(2i)) 

8.3. Excision. A ring A is called K -excisive if for every ideal embedding 
A <\ B the map K^{A) — t- K^{B : A) is an isomorphism. It was proved by 
Suslin and Wodzicki ([26, Theorem C]) that if a ring A satisfies the following 
property then it is if-excisive. 

Va e ^®"', 36 G A®", c,d £ A, such that a = cdh and such that 

(0 -.A d)r := {v e A: dv = = -.a cd),. 

The right ideal (0 -.a d)r is called the right annihilator of d in A. The 
property above is the so-called left triple factorization property (TFP). A 
ring is i^-excisive if and only if its opposite ring A°p is, so rings satisfying 
the right TFP are excisive also. Further results of Wodzicki ([31, Theorems 
1.1 and 3.1]) and of Suslin- Wodzicki ([26, Theorem B]) estabhsh that a Q- 
algebra A is ET-excisive if and only if it is excisive for cyclic homology and 
that this happens if and only if the bar complex {C^°'^{A), h') is exact. Here 

n 

b'{ao (g) • • • (g) a„+i) = ^(-l)*ao <g) • • • <g) ajOi+i (g) • • • (g On+i- 

i=0 

The tensor products above are taken over Z or, equivalently, over Q, since A 
is assumed to be a Q-algebra. The Q-algebras whose bar homology vanishes 
-that is, the ii'-excisive ones- are also called H-unital. 

Proposition 8.3.1. Let ^ be a bornological algebra and S < i°° a symmetric 
ideal. Assume that <S'(2l) has the (left or right) triple factorization property. 
Then /^(a) is K-excisive. In particular, the exact sequences (8.2.2) and 
(8.2.3) are isomorphic in this case. 
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Proof. Assume that 5(21) has the left TFP. We have to prove that Is(^) is 
i?-unital. Let n > and let z G C^"^ {Is{<}!C)) be a cycle. We may write 



m 

Z = 

i=l 



J2 diag{a'nUf,, ® • • • ® diag(a"'^)C/j„ 



where supp(a-''*) = ran(/j-^j) for all By TFP, there are elements 7, 5 
and /3^ . . . , /3™ in S{^) such that a°'* = 75/3* (1 < i < m), and such that 

(0 -sm l5)r = (0 :s(2l) <5)r. (8.3.2) 

Now observe that if G 5(21) then, by Proposition 3.14, 

(0 -.1,^^^ dmg{e))r = {T G /s(2i) : (Vj) T,,, G (0 --si^) 0)r]. 

Hence, (8.3.2) implies that 

(0 1/3(21) diag(7(5))^ = (0 i/g^.^, diag(5))r. (8.3.3) 

Put 

y = ^diag(/3^)C//„^, ® diag(Q^'*)^7/,_, ® • • • ® diag(a"'*)i7/„,,. 

j 

Consider the following element of C^^i{Is{%)) 

w = diag(7) ® diag((5)y. 

We have 

h'{w) = z — diag(7) ® diag(5)6'(y). 

If n = then b'[y) = 0, so this proves that z is a boundary. We have to 
show that diag((5)6'(y) = if n > 1. Choose a basis {vi} of the Q-vector 
space C^Z^{Is{%))- Then y = J^iTi vi for unique T/ G Is{<ii), and 

= 6'(z) = diag(7<5)6'(y) = ^diag(75)ri ^ i;;. 

I 

Hence we must have diag(7(5)T^ = for all I, and therefore diag(5)5'(y) = 
by (8.3.3). □ 

Example 8.3.4. Any Banach algebra with a bounded left approximate unit 
satisfies the Cohen-Hewitt factorization property; thus it has the left TFP 
([6, Lemma 6.5.1]). In particular, this applies to C*-algebras and therefore 
also to local C*-algebras. If 21 is a local C*-algebra then co(2t) is again a 
local C*-algebra; hence -^co(a) is i^-excisive, by Proposition 8.3.1. 

Example 8.3.5. If 21 is a unital Banach algebra then £°°~(2t) has the TFP. 
To see this, let a^ . . . , a"* G Choose p such that a' G F(2l) for all i. 

For each n put 

-Y - max llaMI z?^ - /«n/7n^^ if 7n / 
i<t<m U otherwise. 
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Then \ \/3'J\ < IKH^/^ ^nd therefore /3* G e'^P{^). Similarly 7^/^ G i^P{^). 
One checks that the factorization a* = 7-'^/^7^/^/3* satisfies the requirements 
of the TFP. 

9. Homology of crossed products with r 

Throughout this section A and will be unital Q-algebras; furthermore, B 
will be an A-algebra, that is, B will be a Q-algebra together with a unital Q- 
algebra homomorphism l : A ^ B. Undecorated tensor products are taken 
over Z, or equivalently over Q, since all groups appearing in this section will 
be Q-vector spaces. 

9.1. Homology of augmented algebras. Assume A is equipped with a 
left i?-module structure and a surjective i?-module homomorphism vr : i? — )• 
A such that ttl = idA- Observe that the triple vr) is an augmented 

ring in the sense of Cartan-Eilenberg [3, Chapter VIII, §1]. Since in addition, 
B is an ^-algebra, we call the triple {B, A, vr) an augmented algebra. Let M 
be a right B-module. Consider the simplicial A-module _L {B/A,M) given 
in dimension n by 

±n {B/A,M)=M®aB®^'', 
with face and degeneracy maps defined as follows {n > 0) 
^^ {B/A,M) {B/A,M), 



di{xo (g) • • • (g) Xn+l) = 




) • • • (g XjXj+i (8) • • • eg) Xn+i i < n 

Xo^S) ■ ■ ■ (S) XnTT{Xn+l) i = n+l 



6, :±„ (B/A, M) {B/A, M), (0 < i < n) 

Si{xQ ® • • • ® Xn) = (8) • • • (g a^j (g) 1 ® Xj+i ® • • • (g) x„. 

The homology of {B/A,M) relative to {A,B,Tr), denoted H^{B/A,M), is 
the homotopy of the simplicial module _L {B /A, M); 

H^{B/A,M) = TT^{± {B/A,M)) = H^{± {B/A,M),d). 

Here 

n+l 

^ = Y,{-^y^^ :±„+i {B/A,M) {B/A,M) 

i=0 

is the alternating sum of the face maps. Let P{B/A) =_L {B/A,B); vr : 
P{B/A) — 7- ^ is a resolution which is projective relative to B/A, and _L 
{B/A,N) = N (giB P{B/A). Hence if B is flat both as a left and as a right 
^-module, then 

H4B/A,M) = Tovf{M,A). 

Lemma 9.1.1. Let N be a right B-raodule. Consider N"^ = N^^'^ as a right 
module over M2B via the matrix product. View M2B as an A Q A-algebra 
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through the diagonal embedding (ai,a2) ^ Euoi + £^2202- Then the map 
i:± {B/A,N) ^± (M2 {B)/A®A,N®N) 
l{xo (g) • • • eg) Xn) = Enxo (8) • • • 18) EuXn 
is a quasi-isomorphism. 
Proof. Consider the maps 

i' : ^ PiPhB/A^), 

L'{Eii{xo (8) • • • (g) Xn)) = EhXq (g) EiiXi (g) • • • (g EiiXn, 

and p' : P{M2B/A^) P{B/A)'^'^^, 

p'{Ei^^^i^XQ (g • • • (g Ei^^i^^^Xn) = Ei^^i{xQ (g • • • (g) x„). 

One checks that both l' and p' are M2i?-hnear chain homomorphisms, and 
that p'i' = 1. In particular vr^^^ : P{B/A)'^^^ — )• ^^^^ is a projective 
resolution relative to M2A/A?., whence 

is a quasi-isomorphism, as claimed. □ 

9.2. The augmented algebra {r,V,ei). Regarding the elements of 2^ as 
sequences of zeros and ones, there is an obvious action of Emb on 2^, which 
agrees with the inner action = fpf^- Thus Q[2^] is a Q [Emb] -module. 
Note that, if ^, 5 C N are disjoint, then for / C Q[2^] as in (5.2) and q G 2^, 
we have 

f*{{PAuB - PA - PB)q) = 

{Pf{{AuB)ndom{f)) ~ Pf{Andom{f)) ~ Pf{Bndom{f))) f*(l) ^ 

{f{PAuB-pA-pB)g)*{q) = f*{{PAuB - PA - PB)*{g*{q))) 

= f*{{pAuB -PA -pb) ■ g*{q)) e I- 

Thus P is a F-module. Let / S Emb; put 

eK/) = Pran(/) G 2^ 3 e,.(/) = ei{P) = Pdom{/)- 

Note that 

, ( fr,\(r.\ - ( ^\ - i ^ if ^ / (dom(/) H ran(5) ) 1 _ 

-Pran(/,)(n) - otherwise / " f*^'i^a)){n). 

Thus the induced linear map ei : Q[Emb] — >• Q[2^] is a homomorphism of 
left Q [Emb] -modules. In particular, if C N are disjoint, we have 

eiifiPAuB -PA- PB)g) = f*{PAuB -PA- PB)ei{g) G /• 
Hence ei induces a homomorphism of left F-modules 
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Observe that the canonical inclusion V CT, which is an algebra homomor- 
phism, but not a F-module homomorphism, is a section of e;. Thus we are 
in the augmented algebra setting described above. By Corollary 6.3.2, every 
7^- module is flat. In particular F is flat over V and therefore 

H,(T/V,M) =Tovl{M,V). (9.2.1) 

In the next lemma and below we consider the following submonoids of Emb 

Emb Z)£ = {f : dom/ = D £* = {f e £ : ran(/) = N}. 

If M is a F-module and S G {£,£*} we write 

Me = M/span{m - /*(m) : / G ©}. 

Here the span is Z-linear. 

Lemma 9.2.2. The kernel of ei : T ^ V is generated, as a left V-module, 
by the elements Uj — 1, f £ £* . 

Proof. Let K = ker(e/). It is clear that K is generated, as an abelian 
group, by the elements Uf — Pran/; / £ Emb. Assume that / € Emb but 
f ^ £*. We claim that we may choose a subset A C dom(/) such that 
B = N\A is bijectable to N\/(^), and such that N\(dom/ni?) is bijectable 
to N\/(dom/ n B). Indeed if N\dom/ is already bijectable to N\ran/, 
we may take A = dom/. Otherwise dom/ is infinite, so we may split it 
into two disjoint infinite pieces, and take A to be one of them. Thus the 
claim is proved. For such A, there exist g,h £ £* such that g^j^ = /|^ and 

^|dom(/)nB ^ f\dom{f)nB- ^^^^ 

Pran/ = + P/(dom/nB) ^^'^ 

Uf=Pf{A)Uf^^ +^/{dom(/)nB)%om(/)nfl = + ^/{dom(/)nB)^^- 

Thus 

Uf - pv&nf = Pf{A){Ug - 1) +Pf(domfnB)(Uh - !)■ 

□ 

Proposition 9.2.3. Let M be a T-module. Then 

Ho{r/V,M) = M£ = Ms,. 

Proof. Immediate from Lemma 9.2.2. □ 

9.3. Hochschild homology. We recall the basic definitions for Hochschild 
homology of algebras over a noncommutative base ring ([21, §1.2.11]). If N 
is a i? (8> i?°^-module, we write 

[b,x]=bx-xb {b£B,x£N), 

n 

[B,N] ={^[bi,xi] -.bi^ B,x,e N,n> 1}, 
1=1 

Nb =N/[B,N]. 
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Hi{Xo ® • • • (g) Xn+l) 



Next let A — )• i? be a unital Q-algebra homomorphism. Recall from [21, 
§1.2.11] that the Hochschild homology of B relative to A with coefficients 
in A^, denoted HH^{B /A, N), is the homotopy of the simplicial Q-module 
C{B /A, M), which is given in dimension n by 

Cn{B/A,N) = {N(^A B®^")a, 

with the following face and degeneracy maps 

fii : Cn+i{B/A,N) ^ Cn{B/A,N), 

xo (8) • • • ® XiXiJ^i (X) • • • (g) Xn+i i < n 

Xn+lXo ® ■ ■ ■ ®Xn i = n+1 

Si : Cn{B/A,N) ^ Cn+i{B/A,N), (0 < i < n) 

Si{xo ■ ■ ■ Xn) = Xq ^ ■ ■ ■ Xi 1 ^ Xj+i (g) • • • (g) X„. 

We write b for the alternating sum of the face maps, and HH{B/A, N) for 
the resulting chain complex. Thus 

HH,{B/A,N) = H4HH{B/A,N)) 

is the Hochschild homology of B/A with coefficients N. If A is commutative 
and B is central as an A-bimodule, then B (g)yi B°p is a ring. If furthermore, 
B happens to be flat as a left ^-module, then 

HH,{B/A,N) = Torf®-^^°'(S,iV). 

Note this is the case, for example, if A = Q. We shall write HH^{B,N) for 
HH^{B/Q,N). 

Remark 9.3.1. If A and B are commutative and M is a central bimodule, 
then C{B/A, M) = M®b C{B/A, B). 

Lemma 9.3.2. (cf. [21, Theorem 1.12.13]j Let A ^ B be a homomorphism 
of unital Q-algebras. Assume that A is a filtering colimit of separable Q- 
algebras. Then 

HH4B,N) = HH^{B/A,N). 

Proof. It suffices to show that B (^a B"^ is flat as a B S^^-module. By 
hypothesis A = colimj Ai is a filtering colimit of separable algebras. Hence 
B®aB°^ = colimj B®AiB°^^ so it suffices to prove that if Q C ^ is separable 
then B (S)a B is flat over B (g)Q B°'p, and this is well-known. □ 

Example 9.3.3. If A is a "P-algebra, and N an A ® ^"^-module, then 
HH^{A,N) = H^{A/V,N), by Proposition 6.3.1 and Lemma 9.3.2. 

9.4. Hochschild homology of crossed products with T. In this sub- 
section, as in (5.9), R will be an Emb-bundle. We also fix an i2-bimodule 
M, central as "P-bimodule, together with a left action of Emb 

Emb X M M, (/, m) i-^ f*{m). 
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We require that this action induce a r-module structure on M which is 
covariant in the sense that 

Mrms) = Mr)f4m)f4s) {r,seR,meM). (9.4.1) 

In this situation, we can form the crossed product M^-pT; this is the R^^-pT- 
bimodule consisting of M T equipped with the following left and right 
actions of R^pT 

{a#Uf){m#Ug) = aMm)#Ufg, {m#Ug){a#Uf) = mg4a)#Ugf. 

We are interested in the Hochschild homology of R^-pT with coefficients in 
M^pT, which by Example 9.3.3 is computed by the simplicial 7^-module 
C{Ri^-pT/V, M^piT). On the other hand it is not hard to check, using 
(9.4.1) and the definition of Emb-bundle, that the diagonal action of Emb 
on C{R) descends to an action of F on C{R/V). Hence we may also consider 
the bisimplicial module _L {T/V,C{R/V,M)) which results from applying 
the functor _L {T/V, —) dimension-wise to the simplicial module C{R/V, M). 
The diagonal of this bisimplicial module is 

diag(± {T/V,C{R/V,M)))n = 

±" {T/V, Cn{R, M)) = (M ®p i?«^^")^ ®p r®p", 

with faces ^idi and degeneracies Si5i. The simplicial module 

diag(± {T/V,C[R/V,M))) 

is a model for the hyperhomology of T/V with coefficients in C{R/V,M); 
hence, if M(T /V,C{R/V , M)) is any other such model, we have a quasi- 
isomorphism 

M{T/V,C{R/V,M)) ^diag(± {T/V,C{R/V,M)). 

Observe that any element of diag(_L (T /V,C{R/V, M)))„ can be written as 
a sum of congruence classes of elementary tensors of the form 

X = ao (8) ai i8) • • • ® On ® /i ® • • • ® /n, (9.4.2) 
where oq G M, Oj G R, and fi € Emb (i > 1) are such that 

e/(//) = ez(/^+l) (l<i<n-l), 

ajeiifi) = aj (0 < j < n). 

Next we define a map 

cP : diag(± {T/V,C{R/V,M)) ^ CniR^v'S^/V, M#pT). 
For X as in (9.4.2), we put 

'Piix]) = [ao#/i ® /|(ai)#/2 • • • (/i • • • /„)t(a„)#(/i • • • /„)t]. (9.4.3) 
Here [] denotes congruence class. 
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Proposition 9.4.4. The assignment (9.4.3) gives a simplicial isomorphism 

ct> : diag(± {T/V,C{R/V,M)) A C(i?#pr/P, M#pr). 

In particular, we have a quasi-isomorphism 

M{r/V, HH{R/V,M)) ^ HH{Ri^'pr/V,M#'pT). 

Proof. First of all, we must check that (9.4.3) gives a well-defined simplicial 
homomorphism. To do this, one checks first that formula (9.4.3) defines a 
simplicial homomorphism 

<t> : diag(_L (Q[Emb], C(i?, M)) ^ C(i?#Emb, Af#Emb). 

Then one observes that it passes down to the quotient, inducing a map 
(p : diag(± {T /V,C{R, M))) C{Ri^vT /V , Mj^-pT). Next note that the 
image of (j) is contained in the simplicial subgroup S C C(i?7^Emb, M^Emb) 
given in dimension n by 

= span{[ao#/o (Xi • • • <8) an#/n] : /i e Emb, Ui £ R, /o---/ne2^}. 

To prove that cp is surjective, we must show that S — )• C{R#-pr /V, M^-pT) 
is surjective. Any element C{Ril^-pT/V, M^-pT) can be written as a linear 
combination of classes of elementary tensors of the form 

y = «o#/o <8) • • • «) «„,#/„,, (9.4.5) 

such that the following conditions are satisfied for < z < n — 1 and < 
j < n: 

^r{fi) = e/(/i+i), er(/n) = e/(/o) aj = aj^iifj)- (9.4.6) 

Let / = /o • • • /„,; then dom(/) = ran(/) = ran(/o) = dom(/„,). Let 

N D A = {x G dom(/) : f{x) = x}. 

li A = dom(/) then / S 2^, and thus the element (9.4.5) belongs to S. 
Otherwise, by Zorn's Lemma, there exists 7^ i? C dom(/) maximal with 
the property that f{B)r\B = 0. Clearly Ar\B = 0; let C = dom(/)\(AuS). 
Then f{B) C C, /(C) C B, and Pdom(/) — PA +1)3 + PC- Hence we have 

[y] = [^'dom(/)y^'dom(/)] = [paVPa] = [ao#go • • • <8) an#gn], 

for gn = {fn)\A and gi = {fi)\f,+^-f„(A) (0 < i < n - 1). In particular 
90' " dn = PA- Thus (j) is surjective. To prove it is injective, define a map 

i; : C{R#'pT/V,M#pT) ^ diag(± {T/V,C{R,M)) 

as follows. For y as in (9.4.5) satisfying the conditions (9.4.6) and such that 

/0---/nG2N, put 

■^([y]) = N ® /o(«l) <8) • • • <8) (/o • • • /n-l)(an) fo0---^ fn-l]- 

One checks that ip is well-defined and that ^(/) = id. □ 
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Corollary 9.4.7. Assume that R is commutative and that M is a central 
R-himodule. Then 

HHo{R#vr,M#vr) = Me. 

Proof. By Proposition 9.4.4, 

HHo{R#pr,M#rr) = Ho{r/V,HHo{R,M)). 

By our assumptions on R and M, HHq{R, M) = M. Finally we have 
Ho{T/V, M) = Me, by Proposition 9.2.3. □ 

9.5. Comparing the O'^^-homology of {T^,Is) and that of {B : Js)- 

Proposition 9.5.1. Let S <l l°° he a symmetric ideal and let Jg <\ B = 

B{£'^) be the corresponding ideal of bounded operators in i'^. Then the inclu- 
sion T°° C B induces an isomorphism 

HHo{T^,Is)^HHo{B,Js). 

Proof. By Proposition 5.11 Corollary 9.4.7, the inclusion diag : S ^ Is 
descends to a bijection 

Se ^ HHo{T°-,Is)- (9-5.2) 

By [15, Theorem 5.12] the composite of (9.5.2) with the map induced by 
the inclusion Is C Js is an isomorphism. □ 

Corollary 9.5.3. The map HCo{T°° : Is) ^ HCq{B : Js) is an isomor- 
phism. 

Proof. It follows from Proposition 9.5.1 and the fact that, if is a unital 
ring and I < R is an ideal then 



HHo{R : /) = HCo{R : /) = I/[R, I]. 



□ 



Lemma 9.5.4. Let p > 0. Then: 

HCo{r°° : I IV-) 
HC(j{T°° : Icp) = 




Here Y is a C-vector space of uncountable dimension. 

Proof. It follows from Corollary 9.5.3 and [32, pages 492-493]. 



□ 
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9.6. Cyclic homology of R^-pT. Let M be a right r-module. Consider 
the simplicial module _L (T/VjM). Every element of _Ln (T/VjM) can be 
written as a sum of elementary tensors 

X = m(g) fi0 ■ ■ ■ (g) fn 

with m £ M, fi G Emb, and dom(/j) = ran(/j_|_i) (i < n). For x as above, 
put 

Tn{x) = (-l)"m(/i •••/„) ® (/i ••• /„)^ » /i ® ••• » /„_!• (9.6.1) 

One checks that the assignment (9.6.1) gives a well-defined endomorphism 
of _Ln (r/P,M), and that the cyclic identities [21, 2.5.1.1] hold. Thus the 
simplicial (Q-)module _L (r/7^,M), equipped with the cyclic operators r„ 
(n > 0), is a cyclic module. In general if C is any cyclic module, then we 
can equip C with a map B : C ^ ^[+1] called the Connes' operator, which, 
together with the usual boundary h : C — t- C[— 1] given by the alternating 
sum of the face maps, satisfy iP' = = [6, B\ = 0. The Hochschild complex 
of C is HH{C) = {C,b). The cyclic and negative cyclic complexes are the 
complexes given in dimension n by HC{C)n = 0m>o^"-2m HN{C)n = 
Y\m>o ^'"■+2m', they are equipped with the boundary h + B. Observe that 
HC{C) is also equipped with a chain map S : HC{C) — HC{C)\—2] defined 
by the obvious projections HC{C)n — )• HC{C)n-2- If C is another chain 
complex equipped with a chain map 5" : C — )■ C[— 2], then by a map of S- 
complexes C — )• HC{C) we understand a chain map which commutes with 
S. When C =_L {T /V, M), we write d and B for the operators b and B. 

Proposition 9.6.2. There is a natural quasi-isomorphism of S-complexes 
{HC{± {r/V,M)),d) ^ {HC{± (T/V,M)),d + B). 

Proof. View C =_L {T/V,M) as a cyclic module. Consider the projection 
vr : HN{C)n =WC. ^Cn = HH{C) 

ri' 

m>0 

Observe that 7r(6 + B) = bn. Proceed as in [12, §3.1] to define a chain 
map T : HH(C) — )• HN(C) such that vrT = 1. We have a chain map 
61" : HN{C) HC{C)[2n] (n > 0) given by the composite 

n 

6^ : HN{C)p = Cp+2m Cp+2m 

m>0 m=0 

^ ^^P+'i(n-q) = HC{C)p+2n- 

The map of the proposition is 

oo 

: {HC{C), 9) = HH{C)[-2n] {HC{C), b + B). 

n=0 n>0 

□ 
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Theorem 9.6.3. Let R be an Emb-bundle. There is a natural zig-zag of 
quasi-isomorphisms 

m{T/V,HC{R/V)) ^ HC{R#r). 
Proof. Consider the bicyclic module 

: (H, [n]) {r/V, Cn{R/V)). (9.6.4) 

It follows from Proposition 9.6.2 that the total cyclic complex 
T = {HC{C^^^),h + d + B + B) 

is quasi-isomorphic to 

{HC{C,^,),b + d + B), 

which in turn is a model for M.{r /V ,HC{R/V)). By the cylindrical version 
of the Eilenberg-Zilber theorem ([20, Theorem 3.1]), the complex T is S- 
equivalent to the i7C-complex of the diagonal A of (9.6.4). By Proposition 

(9.4.4), the map (9.4.3) is an isomorphism of simplicial modules A 
C{R^T /V)] one checks that it is actually an isomorphism of cyclic modules. 
Finally, by Example 9.3.3, the projection C{R#T) C{R#T/V) induces a 
quasi-isomorphism HC{R#T) HC{R#T/V). □ 

9.7. Hodge decomposition. If is a commutative Q-algebra, then there 
are defined Adams operations on C{R), and we have an eigenspace decom- 
position [21, Theorems 4.5.10 and 4.6.7] 

C(R) = ^C^P)(R), (9.7.1) 

p>0 

called the Hodge decomposition. We have Cn^ = for n < p and each C^^^ is 
a graded i?-submodule, closed under the Hochschild boundary map b. Thus, 
if M is a central i?-bimodule, for HH(p\R, M) = M®r (C^p^R), b) we have 

n 

HHn{R, M) = {R, M). 

The Connes operator B sends to C^p~^^\ Thus, we have a direct sum 
decomposition of the cyclic complex 

oo 

HC{R) = ^HC^p\R) 

p=0 

where 

n 

Hence for H&J'\r) = H4HC^p\R)), 

n 

HCn{R) = ^HCjr\R). 

p=0 
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Let (r^lj, d) for the DGA of (absolute) Kahler differential forms. There is a 
natural map of mixed complexes 

fi:{C{R),b,B)^{nR,0,d) 

fJ-ixQ (8) • • • (8) Xn) = {l/nl)xodxi A • • • A dxn- (9.7.2) 
Let M be a central -R-bimodule; the map /i induces isomorphisms 

HH^^"^ {R, M) = M (9.7.3) 

and hc^^\r) = nyd{n'^-^). (9.7.4) 

We say that R is homologically smooth if (9.7.2) is a quasi-isomorphism. 

Example 9.7.5. Let be a unital commutative complex C*-algebra over 
C. It was proved in [11, Thm. 8.2.6] that R, regarded as a Q-algebra, is 
homologically smooth. In particular this applies when R = Moreover, 
by [11, proof of Prop. 5.2.2], is a filtering colimit of smooth C-algebras. 
It follows that n^oo is a flat £°°-module for every n. Hence 

HHn{l^, M) = M (g>i^ n'^o. 

for every central bimodule M. 

Now assume that the commutative algebra R is an Emb-bundle. Then 
by Proposition 9.4.4, Theorem 9.6.3, and naturality of the Hodge decompo- 
sition, we have quasi-isomorphisms 

HH{R#r, M^T) ^ EI(r/P, HH^P^ {R, M)) (9.7.6) 
and HC{R#T) ^M{T/r,HC^P'^{R/r)). (9.7.7) 

p>0 

Put 

HH^\R#r,M#r) =Un{r/V,HH'^P\R,M)), (9.7.8) 
HCiP\R#r,M#T) = mniT/V,HC^P\R,M)). 
We have decompositions 

n 

HHn{R#T,M#T) = ^HHj,P\R#T,M#T), 

n 

HCn{R#T) = ^HCjr\R#T). 

If follows from (9.7.3), (9.7.4), and Proposition 9.2.3 that 

HHi^\R#T,M#T) = {M<S^Rnl)e, (9.7.9) 

Hct\R#r) = {nydni-%. 
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10. The RELATIVE CYCLIC HOMOLOGY HC^{T^{^) : /^(a)) 

10.1. The Quillen spectral sequence. Let Rhe a, unital Q-algebra and 
I <\ R a two-sided ideal, flat as a left ideal. Then 

Using the isomorphism above and flatness again we see that if P 7 is a 
projective bimodule resolution, then Q = P^r — y is again a resolution. 
Hence modding out Q by the commutator subspace [Q, R] we obtain a com- 
plex which computes HHtf{R,I^) and which has a natural action of 'L/n'L 
via permutation of factors. Following Quillen [23, pp 210] we shall write 
HHtf{R,I'^)a^ for the coinvariants of this action. Quillen introduced a first 
quadrant spectral sequence (see [23, Proposition 2.16 and Theorem 4.3]), 

1 _r HCg{R) p = 

"^P'l-lHHg^p+.iRjna P>h ^ ' 

which converges to HCp+q{R/ 1). For example, every ideal J <B = B{i'^) of 
the algebra of bounded operators is flat; M. Wodzicki has used this spectral 
sequence, together with the results of [15], to study the relative cyclic homol- 
ogy groups HC^{B : J). By Proposition 6.2.5, every ideal of r°° is flat; by 
Proposition 6.2.7 and Examples 6.2.4, the same is true of /co(a) 
for every unital Banach algebra 21. In this subsection we shall use Quillen's 
spectral sequence to study the cyclic homology groups HC^(r°° : Is) for gen- 
eral S, and to show that //C*(r~(2t) : V-(2i)) = HC^T^^i^) : /co{2l)) = 0. 
Proposition 10.1.5 below will play a role akin to that played by [32, Theorem 
8] in the context of operator ideals. Let 21 and 5B be Banach algebras. We 
have maps 

r®r^r(NxN), Uf(^Ug^Uf^g, (10.1.2) 

K:£°°(2t)«)£°^(5S)^^°°(NxN,2l03S), (aM f3)m,n = a^^Pm- (10.1.3) 
These two maps together induce 

r~(2i)®r~(5S) ^ 

r~(N X N,2l®5S) := £°°(N x N, 2t0*B)#p(NxN)r(N x N). 
We write r°°(N x N) = r°°(N x N, C). In particular we have a map 

r°^®r°°^r°°(NxN). (10.1.4) 

Proposition 10.1.5. (cf.[32, Theorem 8]) Let S,T <\ i°° be symmetric 
ideals, and let ^ be a unital Banach algebra. Assume that 

i) The map (10.1.3) sends S ^ T ^ T(M x N). 

ii) Se = 0. 

Then 
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Proof. Proceeding as in the proof of Proposition 7.3.4, we obtain a commu- 
tative diagram 

poo ^ poo (03) ^ Af2r~(QS) 

By hypothesis i) this restricts to a commutative diagram 

Is ® It{^) ^ M2It{<B) 

Now use hypothesis ii), Morita invariance and the Kiinneth formula for 
Hochschild homology ([21, Theorem 1.2.4] and [29, Proposition 9.4.1]), and 
induction, to conclude that iJi?* (r°° (21) , /^(a) ) = 0. □ 

We shall need the following result of Dykema, Figiel, Weiss and Wodzicki, 
which follows by combining [15, Theorem 5.11(ii) and Theorem 5.12]. 

Proposition 10.1.6. ([15]) Let S <i i°° be a symmetric ideal and let to = 
(l/n)„,>i be the harmonic sequence. Then 

Ss = ^ uj^S C Sin xN). 

Proposition 10.1.7. 

i) m(r°° : /,J = HC^B : JeJ = 0. 

ii) HC^{T^ : I^^-) = HC^B : J^^-) = 0. 

iii) LetO<p<oo, S £ {iP , F- , iP+} , 

m = min{n : FC„(r°° : Is) ^ 0}, 

7n' = mm{n : HCn{B : Js) / 0}. 

Then m = m' and the map HCm{T°° : Is) — )• HCmiB : Js) is an isomor- 
phism. 

Proof. Consider the spectral sequence (10.1.1) in the cases R = r°^,B and 
/ = Is, Js for each of the symmetric ideals S of the proposition. We have 
£"0^ = since both r°° and B are rings with infinite sums. In both i) and 
ii), we have S'^ = S and a; Kl 5 C 5(N x N) whence ^ = 0, hy Propositions 
10.1.6 and 10.1.5 and [32, Theorem 8]. This gives i) and ii). In each of 
the cases considered in part iii), we have S M S C S{N x N). Since u G 
if and only if p > 1 and since (£p)" = F/", we have HH4T°° , I(^t,py^) = 
HII^{B, {CP)"') = for p/n > 1, again by Propositions 10.1.6 and 10.1.5 
and [32, Theorem 8]. The case S = £P follows from this and from Corollary 
9.5.1. The remaining cases follow similarly. □ 

Remark 10.1.8. Proposition 10.3.3 below provides a more detailed compu- 
tation of i?C„(r°° : Is) for 5 as in case iii) of Proposition 10.1.7 above. 
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Theorem 10.1.9. The 

isomorphism in the following cases: 

i) S = Co and ^ is a C* -algebra. 

ii) S = and 2t is a unital Banach algebra. 

Proof. By Proposition 8.3.1 and Examples 8.3.4 and 8.3.5, Is{%) is i^-unital 
in both cases. Hence by Theorem 8.2.1 it suffices to show that ifC*(r°°(2l) : 
!${%)) = 0. As explained in the proof of Proposition (10.1.7), Proposition 
10.1.6 implies that Ss = 0. Hence if 2t is unital we are done by Propositions 
6.2.7 and 10.1.5; in particular, part ii) is proved. The nonunital case of i) 
follows from the unital case using excision. □ 

10.2. Computing HC^'p^{T^ : Is) in terms of differential forms. Let 

S <\ £°° be an ideal. Consider the subcomplex 

Tp{S) C n^oo (10.2.1) 
^ P"- \ q>p. 

Write 

Z)(^)(5), = (07J/(V(5)) (10.2.2) 
lW(S), = J-;ii(5)/J--''(5). (10.2.3) 

Note L^P\S) and D^P\S) are nonpositive chain complexes. 

Theorem 10.2.4. Let S < i°° be a symmetric ideal. Then there are Emb- 
equivariant quasi-isomorphisms 

HH^P\i°°/S) L^^\S)[p] 

HC^P\l^/S) ^ D^P\S)[p\. 

Proof. Consider the skew-commutative graded algebra A = © S with 
grading Aq = Ai = S. The inclusion S C defines a homogeneous 
linear derivation 9 : A — t- A[— 1]. Thus A is a chain DGA, and the projection 
£oo _^ / S defines a quasi-isomorphism of cyclic modules C(A, 5) — > 
C{i°^/S). By [8, Thms. 2.6 and 3.3] and Proposition 6.2.1, there are quasi- 
isomorphisms C{A,d) ®pL'J'\S)[p] and *B(A,9) ^ ®pD^^HS)\p]; 
by [27] they are compatible with the Hodge decomposition. Finally, all 
these quasi-isomorphisms are natural, and thus Emb-equivariant. □ 

Theorem 10.2.5. 

ifd^)(r°° : Is) =m,+piT/V,T^p)iS)) 

HHi''\T°° : Is) =]H,+p+i(r/P,L(p)(5)). 



Proof. It follows from (9.7.8) using Theorem 10.2.4 and the fact that r°° is 
an infinite sum ring. □ 
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Corollary 10.2.6. There is a first quadrant homological spectral sequence 

,El^ = HniT/V, S^+iO?^'") ^ ifCi^i„+p(r- : Is). 

Proof. This is the spectral sequence associated to HI(r/P, (5)). It is 
located in the first quadrant because as is an infinite sum ring, 

□ 

Corollary 10.2.7. 

ifc(")(r- : Is) = {sn^^/d{s'n^^))£ 

Proof. It follows from inspection of the second term of the spectral sequence 
of Corollary 10.2.6, by using the fact that Ho(T/V, -) = ( )e is right 
exact. □ 

10.3. The cases S = eP,£P^. 

Lemma 10.3.1. Let S <\ i°° be a symmetric ideal. Then the map 

c{T/v, sn%) ^ c(r(N u n)/p(n u n), s{n u n)n%^^^^^^ 

induced by the inclusion N C N U N into the first copy, is a quasi-isomor- 
phism. 

Proof. Recall from Example 9.7.5 that is a flat £°°-module. It follows 
that the map S <Sie°° fi^oo — Si}^^ is an isomorphism for every ideal S. Now 
the proof is immediate from Lemmas 7.3.1 and 9.1.1. □ 

Lemma 10.3.2. Let 7^ 81,82 C £°° be symmetric ideals. Assume that 
{8i)e = and that the map ^ ^°°(NxN) sends 81(^82^ 52(NxN). 

Then H,(T/V, 82^^;^) = > 0). 

Proof. The proof follows using Lemma 10.3.1 and the argument of the proof 
of Proposition 10.1.5. □ 



Let p > 0; the following notation is used in the proposition below. 

p — 1 p G Z 
[P] P^^- 

Note [p] = [p\ if and only if p ^ Z. If p G Z then [p] = p and [pj = p — 1. 

Proposition 10.3.3. 

i) Let p > and let 8p be either or i^" . Then 

n < q + \_p\ 

XS{j,/{[p]+i))^l^^^)£: n = q+ [pJ 
In particular, the first nonzero group is 

HC2i,i{T-' : Is,) = /?4[Jj(r- : Is,) = HCo{r^ : 
which was computed in 9.5.4. 
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ii) 

( ) / n<q+\p\ 

HC^^ (r- : = |^c.-bl(roo . n = q+\p] 

In particular, the first nonzero group is 

HC2[p]{r°° : Iip+) = HC^^Jl{T'^ : Iip+) = HCo{T'^ : -^^(p/([p]+i))+ ) = C 

Proof. This is a straightforward apphcation of the spectral sequence of 
Corollary 10.2.6 and Lemma 10.3.2 and Proposition 10.1.6. □ 
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